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Evidence for d-wave superconductivity in YBa~Cu3O7 8 from far-infrared conductivity
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Calculations of the far-infrared conductivity, which include inelastic as well as arbitrary amounts of
elastic impurity scattering, are presented for a superconductor with nodes in the gap. The results are

compared with the normal-state conductivity and with previous results for isotropic s-wave supercon-
ductors in the clean limit. The effect of adding impurity scattering is also considered, and differences

and similarities between the response for s- and d-wave superconductors are noted. The results are corn-

pared with recent experimental data on a high-quality single crystal before and after radiation damage.
The data are found to be inconsistent with isotropic s waves but display all the expected qualitative

features for d waves.

I. INTRODUCTION

Single-crystal YBazCu307 s (YBCO) samples show a
large inelastic scattering rate estimated to be of order T,
at temperature T= T, .' This illustrates the importance
of inelastic scattering at this temperature and clearly in-
dicates the need to include such effects in any complete
theory of the infrared response of these superconductors.
Another important feature of the high-T, oxides, which
is not in dispute and, indeed, is widely accepted, is the
fact that at low temperature they are in the clean limit'
because of their very short coherence length. To treat
these systems then, it is necessary to use a theory of elec-
tromagnetic response which includes inelastic as well as
arbitrary amounts of elastic (impurity) scattering.
This situation is in sharp contrast with conventional su-
perconductors where the dirty limit applies. Further, the
symmetry of the gap parameter in the superconducting
state remains controversial in the oxides with s or d wave
being often discussed possibilities, while in conven-
tional system it is generally accepted to be s wave.

In a previous paper, Akis, Carbotte, and Timusk have

already considered the conductivity in the s-wave case so
that here we will start with a formulation which is
specifically written for a gap with variation of the form
6=ko cosO with 0 some angle on the Fermi surface rang-
ing from —m. or m. This form of the gap exhibits zeros
and is both positive and negative with equal weight. It is
not, strictly speaking, a d-wave gap but will be referred to
as d wave in what follows since it has all of the same im-
portant physics. The critical feature is that zeros are
present and not whether the gap is extended s or d, a
point we wish to emphasize here. Section II deals with
formalism, Sec. III with results and their discussion, Sec.
IV is a comparison with experiment, and conclusions are
drawn in Sec. V.

II. FORMALISM

In Nambu notation, the conductivity at frequency U,

which is denoted by o(u), can be written in terms of the
2 X 2 matrix Green's function G, (p, co ) in the supercon-
ducting state with p momentum and co energy. The ex-
pression for cr(u) is

i 2e uFN(0) jI
cr( u ) =— tr . Id E f d 0f ( 0,) —— ImG, (p, 0+i 0+ )

X[6,(p, Q+ +uiO+)+G, (p, 0—u iO+)] '—

where tr denotes the trace and the brackets ( ) indicate an average over the angles 8. The Fermi velocity is u~, e is the
charge on the electron, X(0) is the electronic density of state taken out of the energy integral and pinned to its value at
the Fermi surface and f(Q) is the Fermi Dirac thermal distribution. The integration over energy e in Eq. (l) can be

L1

carried out and, after considerable algebra, we arrive at a formula for cr(u ) of the form
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; e N(0)vF 0 1o(v)= — f dQtanh
U 3 0 2T E(Q)+E(Q+ v )

[1 N—(Q)N(Q+u) P—(Q)P(Q+ v )]

+ f dQtanh [1—N*(Q)N'(Q+ u ) —P*(Q)P '(Q+ v ) ]E (Q)+E'(Q+u)

X f dQ tanh
0

Q—tanh
1

E(Q+ u )
—E'(Q)

X[1+N*(Q)N(Q+u)+P*(Q)P(Q+v)]+ f dQtanh
0 Q+U

U 2T

X [1—N" (Q)N'(Q+u) P*(Q—)P"(Q+u)]
E (Q)+E*(Q+u)

+ 1 [1+N'(Q)N(Q+ v )+P*(Q)P(Q+ u )]E(Q+ u ) —E*(Q)
(2)

with

E(co)=)/ co~(co) b, (co)—

arid

co~(co) b, (co)
N(co)=, P(co) = (4)

E(co) E(co)
where b~(co) and co~(co) are the pairing energy and renor-
malized Matsubara frequencies, respectively, taken on
the real frequency axis and written for the anisotropic
state. They are given by Carbotte and Jiang and will not
be repeated here. They are the solution of two coupled
nonlinear Eliashberg type ' equations appropriate to a
model with d-wave pairing which leads to a gap function
b, (8,co) of the form b, (co) cos8. The electron-boson spec-
tral density, which we will denote by a F(co), is the only
parameter that enters in the Eliashberg equations.
In some models of d-wave pairing, this spectral density
would be identified with the antiferromagnetic spin Auc-
tuation and the theory of such fluctuations could be
used to get some guidance as to its form. Here we will
not do this, but simply take it to be some phenornenologi-
cal form which is then responsible for the pairing in the
gap channel as well as for the inelastic scattering of elec-
trons off the relevant bosons of the theory. In addition to
the inelastic scattering, impurity scattering in Born ap-
proximation can be included in the usual way and de-
scribed by an elastic-scattering rate rrt with 2n.t+ = 1/r
with ~ the elastic-scattering time. We stress here that
specification of this scattering rate and of the electron-
boson spectral density completely defines the conductivi-
ty provided cr(v ) here taken in units such that the multi-
plicative factor —,'N(0)u~e in Eq. (2) is left out and
remains unspecified.

In our numerical work, we mill use two different
choices for the electron-boson spectral density, namely a
cutoff Lorentzian introduced by Bickers et al. and later
employed in the isotopic s-wave calculations of Akis,
Carbotte, and Timusk and, as a second model, the Pb
spectrum obtained from tunneling inversion which has

I

weight all the way down to zero frequencies and exhibits
a two peak structure at higher energies. Of course, these
choices are only for convenience and for definiteness and
do not, in any way, commit ourselves to any particular
mechanism such as phonons or spin fluctuations, but
rather refer simply to some boson exchange mechanism
with Migdal-Eliashberg ' equations used as a first ap-
proximation in the description of the resulting supercon-
ducting state.

III. NUMERICAL RESULTS AND DISCUSSIDN

In Fig. 1, we show results for the real part of the con-
ductivity (absorptive part) as a function of normalized
frequency co!2T,o in the far-infrared region of the spec-
trum. For electron-boson spectral density, a Pb shape
was employed and scaled to get a strong-coupling index
T, /coi, =0. 1 where co„ is the characteristic boson en-

~~&o Og&0

ergy (as defined by Allen and Dynes) associated with
the assumed pairing potential. The upper frame applies
to the normal state, while the lower frame is for a super-
conducting state with gap of the form
6(co,8}=b,(co}cos8. The temperatures considered in the
figure are solid T/T, o=0.985 long dashed curve
T/T, O=0. 9, short dashed curve T/T, o=0.75, dotted
curve T/T, 0=0.5, and solid curve T/T, 0=0. 1 which is
the lowest temperature used in this work. Here T,0 is the
pure single-crystal critical temperature and the figures
apply in the clean limit, i.e., for t+ set equal to zero. All
the curves shown scale with T,0 which can therefore be
taken to have any desired value. Starting first with the
normal-state results (upper frame), we note the Drude
peak at low frequencies centered around co=0 which is
due to scattering of the electrons o6'the thermally excited
bosons. Such bosons act hke ordinary impurity scatterers
except that now the scattering rate is strongly
temperature-dependent and goes to zero at T=O. As a
function of frequency, the Drude peak drops rapidly
down towards zero as co is increased and is followed by a
region of near zero conductivity before the onset of the
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FIG. 1. The real part of the conductivity (in arbitrary units)

as a function of normalized frequency ~/2T, o. The upper frame
applies to the normal state while the lower frame is for a d-wave

superconductor. Both are for the pure limit, no elastic impuri-
ties included. The temperatures are T/T, =0.985 (upper solid),
T/T, =0.9 (long dashed), T/T, =0.75 (short dashed),
T/T, =0.5 (dotted), and T/T, =0. 1 (lower solid).

Holstein absorption region at yet higher energies. In the
Holstein region, the absorption proceeds through the
creation of an electron-hole pair and of an accompanying
boson which takes away the extra momentum as well as
some energy. The Holstein processes will, of course,
reflect the density of boson states as expressed by the
spectral density which in our Inodel starts at zero energy
with two peaks at roughly co/2T, o=10 and 20, respec-
tively. Note that, for the solid curve which applies to low
temperature namely T/T, O=0. 1, the Drude peak can no
longer be seen any more in our figure and that the Hol-
stein region, which starts at m=0, sets in gradually and
becomes a significant fraction of its value at large fre-
quencies (co/2T, o—=20), only at frequencies near the first
peak in the spectral density at co/2T, o= 10. —

We turn now ta the superconducting state results
shown in the lower frame of Fig. 1. These results were
generated with the same parameters as were used in the
upper frame but now there is a gap b, (co, 8) of the form
h(co) cosO. On comparison with the normal-state results,
we note the same general behavior but with two impor-
tant differences. First, in the superconducting state cal-
culations, the Drude-like contribution is reduced more
rapidly with decreasing temperature than it is in the nor-
mal state. This is not unexpected since in the supercon-
ducting state the normal electron fluid density is reduced
with decreasing temperature because of the increased
condensation of electrons into Cooper pairs. %'e note in
passing, however, that this effect would not be easy to
detect if normal-state curves were not available for com-
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FIG. 2. The real part of the conductivity as a function of fre-
quency co in meV for a 50 K s-wave superconductor with cutoff
Lorentzian spectral density. For the model co&,g

=49.3 meV,'gIO

25o=17.1 meV, and 25o/k& T, =3.97, moderate coupling. The
curves in the upper frame are all in the pure limit, no elastic
scattering and apply at different temperature, namely T=2T,
(upper solid line), T=1.5T, (upper long dashed), and T=1.0T,
(short dashed), T=0.925 T, (dotted), T=0.8 T, (lower long
dashed), and T=0.24T, (lower solid). The curves in the lower
frame include some impurity scattering with t+ =0.17 meV and
are for temperature, T=0.925 T, (long dashed), T=0.8 T,
(short dashed), and T=0.25T, (solid).

parison. Unfortunately, they are not accessible experi-
mentally for the high-T, oxides. Secondly, the phonon
structure in the Holstein region appears shifted to higher
energies due to the appearance of a gap. Absorption due
to the creation of an electron-hole pair out of the conden-
sate with attendant creation of a boson to take away the
extra momentum now proceeds at an energy of twice the
gap value plus the lowest boson energy available. While
it is true that in a d-wave model the gap can be zero at
some points on the Fermi surface and so, strictly speak-
ing, the Holstein processes will start at ~=0 as in the
normal state, weight will nevertheless be shifted to higher
energies because of the existence of a finite gap at other
points on the Fermi surface. This shift is clearly seen in
the figure. For an s-wave superconductor with finite iso-
tropic gap value everywhere, the upward shift in boson
structure in the superconducting state would, of course,
be more pronounced than for the d-wave case indicated
in the lower frame of Fig. 1. The s-wave case is shown in
Fig. 2 which is reproduced from the previous isotropic s-
wave work of Akis, Carbotte, and Timusk . The top
frame, which is to one of immediate interest here, applies
to the clean limit and was calculated for a spectral densi-
ty consisting of a cutoff Lorentzian peaked about 50 meV
of width 15 meV and with lower cutoff at 15 meV. Its
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strength was adjusted to get a T,o of 50 K. The s-wave
isotropic gap is 260=17. 1 meV and 2b,o/ks T, =3.97, an
intermediate-coupling case. The various curves give the
conductivity as a function of frequency for different tem-
peratures. The lowest solid line in the top frame is for
T= 12.5 K =0.25 T,o (low temperatures), the long dashed
for T=40.0 K=O. ST,O, dotted for T=46.25 near T,o,
short dashed for T=50.0 K=T,o, next long dashed for
T=75.0 K in the normal state and the upper solid for
T= 100.0 K. In the solid curve, there is a gap which ex-
tends up to 2ho= 17. 1 meV plus the lowest boson energy,
which is 15 meV, at which point the conductivity rises
slowly and quite gradually and becomes large at an ener-
gy of 2b.o plus the energy of the peak in a F(co), which
falls at 50 meV. A very important qualitative point to be
noted when s- and d-wave results are compared is that, in
the first case, the conductivity in the gap region drops
very much more rapidly towards zero with decreasing
temperature [compare the lower frame of Fig. 2 (s-wave}
with the lower frame of Fig. 1 (d-wave)]. In fact, this
rapid drop in the s-wave case and lack thereof in the d-
wave case can be taken as a qualitative difference between
the two cases which could be used when looking at actual
conductivity data with an eye at determining the gap
symmetry. The present optical data on high-quality sin-
gle crystals of YBa2Cu306 95 (Refs. 33—37) do not favor s
wave in this regard as we will discuss more fully later.
Also, no region of zero conductivity corresponding to the
opening up of a finite gap is ever observed at low temper-
atures. (See the lower darker solid curve in the lower
frame of Fig. 5.) It should be mentioned, however, that
the data are also not in accord with our clean limit d-
wave results given in Fig. 1. The more rapid reduction,
in the low-frequency region, of the conductivity noted for
an s-wave as compared with a d-wave superconductor is
due mainly to the very different properties of the conden-
sate in the two cases and has little to do with a racial
difference in scattering rate. First of all, it is only the
normal electrons that can be usefully described in terms
of classical ideas such as associated scattering rate. Such
ideas do not apply to the electrons in the superfiuid frac-
tion which will not absorb energy unless the photon ener-

gy is twice the gap value and so make no contribution to
the conductivity for such frequencies. But in contrast to
an s-wave superconductor, in the d-wave case, some elec-
trons at the Fermi surface have zero or near zero gap and
direct absorption through pair breaking is always possi-
ble. Also, the normal Quid increases more rapidly with
temperature. Both effects give more low-frequency ab-
sorption relative to the s-wave case. The shape of the
conductivity curves in this region has little to do with
diff'erences in normal Quid scattering rate which, in any
case, cannot be measured directly in optical experiments
as one cannot separate normal and pair-breaking parts.

An important conclusion that can be made from the
discussion so far is that, in the pure case including only
inelastic scattering, it is difBcult to identify a value for the
gap and distinguish clearly a d-wave superconductor
from a normal metal as the curves will look qualitatively
similar, although more definitive conclusions, could be
reached if normal-state data were also available for corn-

parison with the superconductor-state data. Unfor-
tunately, in the high-T, oxides, the low-temperature nor-
mal state is not accessible to us, and only the
superconducting-state curves are known.

Next, we account for some normal elastic scattering
through a finite value of the impurity scattering rate t+.
We will see that an isotropic s-wave superconductor will
react quite differently to the introduction of t+ than will
a d-wave superconductor. A first difference is that t+
does not affect the size of the critical temperature T,o in
an isotropic s-wave superconductor because of
Anderson's theorem, while in the d-wave case, T, is re-
duced from its pure crystal value T,o because of the
washing out of anisotropy by the elastic scattering. The
optical response is also very difFerent in these two cases.
An obvious first effect on the conductivity of the intro-
duction of a finite t+ is that the low-frequency Drude
peak should broaden and its width related to the sum of
elastic- plus inelastic-scattering rates. Second, a new
impurity-assisted absorption channel will open. It now
becomes possible to create a hole particle pair out of the
condensate without attendant boson to conserve momen-
tum. This new process will have a sharp onset at 26o in
an s-wave superconductor and be peaked about this ener-
gy as is shown in the lower frame of Fig. 2 which is again
reproduced from the earlier work of Akis, Carbotte, and
Timusk . In these curves, the elastic-scattering rate has
been set at t+ =0.17 meV. The curves apply to the con-
ductivity in the superconducting state and are for three
difFerent temperature, namely the solid curve T=12.5
K=0.25T,0 (low temperature), short dashed curve for
T=40.0 K=0.8T,O and long dashed curve for T=46.25
K (near T,o}. In the low-temperature curve, the conduc-
tivity is zero up to 250=17. 1 meV and then shows an
abrupt absorption edge which peaks at 250. This feature
can, in principle, be used to measure the zero-
temperature gap value. As well, the temperature depen-
dence of the gap can be tracked through the same gap
feature which persists at higher temperature although
now it is superimposed on a sharply increasing Drude
background. There is no trace of any of these features in
the experimental data shown in the lower frame of Fig. 5
for YBa2Cu306 95 which we will discuss later.

The effect of impurity scattering is quite different in the
d-wave case. This is shown in Figs. 3 and 4. Figure 3 ap-
plies to a case in which T, has been reduced by 5% by
the impurities, while in Fig. 4, a 20% reduction in T, is
involved, i.e., T, /T, 0=0.8. In each of the two figures,
the top frame gives the normal-state conductivity and the
bottom frame, the superconducting state. The tempera-
tures are T/T, =0. 1 (lower solid curve), T/T, =0.5 (dot-
ed curve), T/T, =0.75 (short dashed curve), T/T, =0.9
(long dashed curve), and T /T, =0.985 (upper solid
curve). It is clear from the figures that, in each case, the
elastic scattering is of the same order of magnitude as the
inelastic scattering although the remaining temperature
variation of the normal-state conductivity is already quite
small in Fig. 4. Further, while a minimum still occurs
around co/2T, o=—5, it is not as deep as in the clean limit,
and the conductivity in this region is reduced over its
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light-frequency behavior does not seem to be affected as
much by ion damage. We believe that this narrow com-
ponent is present in the conductivity of the nonirradiated
sample as well, consistent with microwave results on the
crystals from the same batch, but remains unachievable
for a far-infrared probe because of the small value of the
scattering rate. Irradiation not only increases the width
of this component of the conductivity but also enhances
it spectral weight.

Similar effect has been observed in the conductivity of
the single crystal with inclusion of 5% of Ni. This prop-
erty of lightly disordered YBCO samples is reproduced
by the calculations for the next amount of scattering
when T, is further suppressed down to 0.8XT,D. We
also note the shoulder in the data around 200 cm ' is
present in the calculated spectrum as well. In addition,
the dip in the conductivity close to 500 cm ' is getting
weaker both in the experimental and the theoretical
curves. While the agreement with the calculations shown
by Fig. 5 is certainly not quantitative, much qualitative
agreement is nevertheless seen. In this regard, we note
that we have in no way tried to adjust the amount of in-
elastic scattering present in our theory so as to get a best
fit to the data. Our calculations are mainly illustrative.

By contrast, the s-wave response in the superconduct-
ing state (Fig. 2) does not agree with any of the experi-
mental features shown in Fig. 5. With impurities added
to the s-wave superconductor the conductivity shows a
sharp edge and peak at twice the isotropic energy gap
value. This feature, which is predicted to be quite prom-
inent, is never seen in the experimental data even in dirty
samples. ' ' '" It is, however, not expected for a d-
wave case for which the gap has zeros on the Fermi sur-
face. Impurities have different effects on the conductivity
spectra in the s-wave and d-wave scenarios: in the s-wave
case impurities induce a gap structure at 26 whereas in
the d-wave case the defects generate a Drude-like absorp-
tion extending all the way to zero frequency.

As suggested above, even in the high-quality single
crystal used for the far-infrared experiments of Ref. 33, a
small amount of weak elastic scattering is present and
needs to be sufficient to reduce the sample critical tem-
perature of the sample by about 5% as compared to a hy-
pothetical disorder-free sample. The existence of Born
scattering at this level is in no way inconsistent with the
linear dependence of the penetration depth found in crys-
tals from the same batch. While resonance scattering,
for example by Zn impurities, would lead to a T depen-
dence at the 5% reduction level in T„ this is not the
case for Born scattering which starts to change
significantly from the linear law only at much higher con-
centrations corresponding to 30% reduction of T, .' We
emphasize, that even in the irradiated crystal with the
critical temperature being equal to 0.885 of the T, of the
nonirradiated sample, a marked deviation from the T
law has been found. ' Only with higher level of ion dam-
age, when the transition temperature is further
suppressed down to 0.75 of the initial T„the crossover to
T"(2 & n (4) behavior observed.

Comparison of the experimental results with our
theory indicates that characteristic features of the in-
frared conductivity and their transformation with disor-
der are in agreement with the d-wave approach. We have
not attempted, in any way, to find a best fit of the theory
to the data by adjusting the boson region or the impurity
scattering. Qualitatively, however, we can understand all
observed features and can conclude, quite unambiguous-
ly, that the data are inconsistent with the isotropic s-
wave, while it displays many of the features expected
when the gap has a zero on the Fermi surface.

For the purpose of a quantitative comparison with the
theory presented, several other factors have to be taken
into consideration. In the frequency region of the Hol-
stein absorption discussed in this paper, other contribu-
tions to the conductivity are of importance. First, the in-

plane response of the YBCO system is known to be
strongly anisotropic along Cu-O chains (b axis) and in the
direction perpendicular to the chains (a axis).
While the effect of impurities has been not studied direct-
ly in the untwinned samples, the comparison of the opti-
cal data obtained on the recently available high-quality
crystals with data on earlier samples ' suggests that
the chains may be extremely sensitive to even a weak dis-
order. Thus, a quantitative comparison with theory
should be performed for the a-axis conductivity of an
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untwinned crystal. In addition to this, it has been shown
by Reedyk and Timusk that coupling to the c-axis longi-
tudinal phonons may be responsible for dips in the ab-
plane far-infrared conductivity. This effect, however, is
not important when the in-plane conductivity is obtained
from reAectance measurements performed on the lateral
surface of a crystal. Finally, we note that the residual
scattering that we suggest for the nonirradiated single
crystal of YBazCu306» may be due to the deviation of
this compound from stoichiometry. It is then preferable
to investigate disorder effects in the stoichiometric
YBa2Cu~08 superconductors which in addition is intrin-
sically untwinned.

V. CONCLUSIONS

We have presented results of calculations for the in-
frared conductivity of a superconductor with nodes in the
energy gap. We have fully included in our theory the in-
elastic scattering provided by the bosons responsible for
the superconducting state which might be the antiferro-
magnetic spin Auctuations. Elastic scattering from an ar-

bitrary concentration of impurities in Born approxima-
tion was also considered. We discussed the qualitative
difference between the impact of impurities on the far-
infrared conductivity of s-wave and d-wave superconduc-
tors.

We compared the results of our calculations with ex-
perimental studies of disorder efFects in high-quality sin-
gle crystals of YBa2Cu306» We found that the d-wave
scenario is consistent with these data whereas there is
clear qualitative disagreement between experiment and
the theory for the s-wave case. To end, we stress that
everything we have found is valid for any gap parameter
which exhibits zeros on the Fermi surface and has re-
gions of positive and negative values of the gap and exists
for extended s-wave equally well.
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