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Abstract

We investigate a model of one-to-one matching with transferable utility when some
of the characteristics of the agents are unobservable to the analyst. We allow for a wide
class of distributions of unobserved heterogeneity, subject only to a separability assump-
tion that generalizes ( ). We first show that the stable matching
maximizes a social gain function that trades off exploiting complementarities in ob-
servable characteristics and matching on unobserved characteristics. We use this result
to derive simple closed-form formulee that identify the joint surplus in every possible
match and the equilibrium utilities of all participants, given any known distribution of
unobserved heterogeneity. We formulate a parametric version of the model and show
several estimation techniques. We discuss computational and inference issues and pro-
vide efficient algorithms. Finally, we revisit Choo and Siow’s empirical application to
illustrate the potential of our more general approach.
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Introduction

Since the seminal contribution of ( ), many economists have modeled the mar-
riage market as a matching problem in which each potential match generates a marital
surplus. When utility is perfectly transferable, the distributions of tastes and of desirable
characteristics determine equilibrium shadow prices, which in turn explain how partners
share the marital surplus in any realized match. This insight is not specific to the mar-
riage market: it characterizes the “assignment game” of ( ), i.e.
models of matching with transferable utilities. Family economics makes extensive use of
this class of models; we refer the reader to the recent book by ( ). Matching

with transferable utilities has also been applied to competitive equilibrium in good markets

with hedonic pricing ( , ), to trade (e.g.
, ) to the labour market ( ( ) and ( )) and to
industrial organization ( ( ) ( ) ( )

among other fields. Our results can be used in all of these contexts; for concreteness, we

often refer to partners as “men” and “women” in our exposition of the main results.

While Becker presented the general theory, he focused on the special case in which the
types of the partners are one-dimensional and are complementary in producing surplus.
As is well-known, the socially optimal matches then exhibit positive assortative matching:
higher types pair up with higher types. Moreover, the resulting configuration is stable, it is
in the core of the corresponding matching game, and it can be efficiently implemented by
a simple sorting procedure. This sorting result is both simple and powerful; but its impli-
cations are also at variance with the data, in which matches are observed between partners
with quite different characteristics. To account for a wider variety of matching patterns,
one solution consists of allowing the matching surplus to incorporate latent characteristics—
heterogeneity that is unobserved by the analyst. ( ) have shown how it
can be done in a way that yields a highly tractable model in large populations, provided that
the unobserved heterogeneities enter the marital surplus quasi-additively and that they are

distributed as standard type I extreme value terms. They used their model to evaluate the



effect of the legalization of abortion on gains to marriage; and they applied it to Canadian

data to measure the impact of demographic changes. It has also been used to study increas-

ing returns in marriage markets ( ( ), to compare the preference for
marriage versus cohabitation ( ) ) and to estimate the changes in the
returns to education on the US marriage market ( , ). A

continuous version of Choo and Siow’s logit framework has been developed by
( ) to understand the affinities between continuous characteristics personality
traits on the marriage market, using Dagsvik’s theory of extreme value processes.

( ) extend the theory to same-sex marriage.

We revisit here the theory of matching with transferable utilities in the light of Choo
and Siow’s insights. Three assumptions underlie their contribution: latent variables do
not mutually interact in producing matching surplus, they are distributed as iid type I
extreme values, and populations are large. We maintain the first assumption, which we
call “separability”, and the last one which is innocuous in many applications. Choo and
Siow’s distributional assumption, on the other hand, is very special; it generates a multi-
nomial logit model that has quite specific restrictions on cross-elasticities. We first show
that this distributional assumption can be completely dispensed with. We prove that the
optimal matching in our generalized setting maximizes the sum of a term that describes
matching on the observables and a generalized entropic term that describes matching on
the unobservables. While the first term tends to match partners with complementary ob-
served characteristics, the second one pulls towards “randomly” assigning partners to each
other—in a sense that we will make clear. The social gain from any matching pattern trades
off between these two terms. In particular, when unobserved heterogeneity is distributed

as in ( ), the generalized entropy is simply the usual entropy measure.

The maximization of this social surplus function has very straightforward consequences
in terms of identification, both when equilibrium transfers are observed and when they
are not. In fact, joint surplus and expected utilities can be obtained from derivatives of

the terms that constitute generalized entropy; and that in turn is a function of observed



matching probabilities. Moreover, if equilibrium transfers are observed, then we also identify
the pre-transfer utilities on both sides of the market. In independent work,

( ) proved the uniqueness of the equilibrium and analyzed its
properties in the Choo and Siow multinomial logit framework; and ( ) also
analyzed the comparative statics of the multinomial logit model. We prove that several of
their results in fact hold in all separable models; and we show how to derive additional

testable predictions for more restricted specifications.

Our first conclusion therefore is that the Choo-Siow framework can be extended to
encompass much less restrictive assumptions on the unobserved heterogeneity. Our second
contribution is to delineate an empirical approach to parametric estimation in this class of
models. Our identification results rely on the strong assumption that the distribution of the
unobservables is known. This is unavoidable: the matching surplus cannot be estimated
nonparametrically along with the distribution of the unobservables, as there would be many
more parameters than cells in the data matrix. In practice, the analyst will want to estimate
the parameters of this distribution. This suggests using a restricted parameterization for

match surpluses.

Maximum likelihood estimation is a natural way to estimate parametric separable mod-
els, which we investigate in section 4.1. We also discuss in section 4.2 an alternative to
the maximum likelihood in models with a linear parameterization of surplus and known
distributions of heterogeneity, This consists of a simple moment-matching estimator that
minimizes a generalized entropy among those matching distributions that fit a set of mo-
ments. In addition to yielding a globally convex problem, moment-matching suggests a very
simple semi-parametric specification test. In addition, it is particularly simple to implement

with the ( ) specification.

In practice, computational considerations loom large in matching models; and evaluating
the likelihood requires solving for the optimal matching repeatedly. We provide two alter-
native algorithms that maximize the social surplus and compute the optimal matching, as

well as the expected utilities in equilibrium. The first one, which we call the “min-Emax”



method, uses a minimization of the sum of the inclusive values. The second one adapts
the Iterative Projection Fitting Procedure (IPFP—known to some economists as RAS) to
the structure of this problem. We show that that both procedures are stable and efficient
in practice. We also describe (in appendix D.2.1) how to discretize distributions so that
the min-Emax becomes a linear programming problem; and we show how this extends to
moment-matching estimation of the parameters in the model of section 4.2. Since linear
programming solvers have become very fast, this provides a promising approach to estima-

tion.

Our third contribution is to revisit the original ( ) dataset on mar-
riage patterns by age, making use of the new possibilities allowed by our extended frame-
work. To do this, we start with a semilinear Choo and Siow model. We use the Bayesian
Information Criterion to select a specification. This has 30 basis functions, and it fits the
data very well. In the early 1970s, close to 80% of marriages occurred before either partner
was 30 years old, so that the number of data points to fit is rather small. Still, allowing
for gender- and age-dependent heteroskedasticity yields a notable improvement in the fit;
it also generates a finding that the husband’s share of the surplus in same-age couples in-
creases rather steeply. We also find promise in the class of flexible multinomial logit models
introduced by ( ), which allow for local correlation patterns. They
are easy to implement and seem to us to have much potential in matching models. These

results illustrate that our approach is both practical and fruitful.

There are other approaches to estimating matching models with unobserved heterogene-
ity; see the handbook chapter by Graham ( , ) and the survey by
( ) and ( ). For markets with transferable utility, ( ) has
proposed pooling data across many similar markets and relying on a “rank-order property”.
This assumes that given the characteristics of the populations of men and women, a given
matching is more likely than another when it produces a higher expected surplus.
( ) applied this approach to spectrum auctions. ( )

focus on identifying the complementarity between unobservable characteristics.



( ) study partial identification issues in nonparametric matching models.

The literature on markets with non-transferable utility has evolved separately, with
some interesting focal points—in particular with ( )’s investigation of large NTU
markets. Many papers have modeled school assignment, where preferences on one side of
the market are highly constrained by regulation (see ( ) for a
recent review.) ( ) estimates matching in the US medical resident program;

his work relies on the assumption that all hospitals agree on how they rank candidates.

Section 1 sets up the model and the notation and characterizes equilibrium. We prove
our main identification results in section 2, where we also discuss testable predictions of
both the general class of separable models and some of its instances. We present some
leading examples in section 3, including the Choo-Siow framework for which we spell out
some counterintuitive predictions, and then moving beyond the logit case. Our results
open the way to new and richer specifications; section 4 explains how to estimate them
using maximum likelihood estimation, and how to use various restrictions to identify the
underlying parameter. We also show there that a moment-based estimator is an excellent
low-cost alternative in a restricted but useful class of models, which includes Choo and Siow.
We present in section 5 our computational methods, which make it easy to solve for the
equilibrium. Finally, section 6 applies several instances of separable models to Choo and
Siow’s dataset. We conclude with a brief discussion of our assumptions and of extensions

to our results.

Our arguments use tools from convex analysis as well as optimal transportation. We
have tried to keep the exposition intuitive in the body of the paper; all proofs can be
found in Appendix A. We offer several complements in Appendix B, including a geometric
interpretation of some of our results. Appendix C specializes our results to several two-sided
versions of commonly used discrete-choice models. Appendix D details our IPFP algorithm
in pseudo-code, and it gives simulation results for this and other algorithms. Appendix E
provides a detailed description of the data we use in Section 6 and Appendix F gives

detailed estimation results.



1 The Assignment Problem with Unobserved Heterogeneity

We study in this paper a bipartite, one-to-one matching market with transferable utility.
We maintain throughout some of the basic assumptions of ( ): utility
transfers between partners are unconstrained, matching is frictionless, and there is no asym-
metric information among potential partners. We call the partners “men” and “women”,
as we have in mind an application to the (heterosexual) marriage market but our results

are clearly not restricted to a marriage context.

1.1 The setting

Following Choo and Siow, we assume that the analyst can only observe which group each
individual belongs to. Each man ¢ € Z belongs to one group z; € X; and, similarly, each
woman j € J belongs to one group y; € Y. We will say that “man 4 is in group z”

and “woman j is in group y.”

There is a finite number of groups; they are defined by the
intersection of the characteristics which are observed by all men and women, and also by the
analyst. On the other hand, men and women of a given group differ along some dimensions

that they all observe, but which do not figure in the analyst’s dataset.

Like Choo and Siow, we assume that there is an (uncountably) infinite number of men
in any group z, and of women in any group y. We denote n, the mass of men in group =z,
and m, the mass of women in group y. Since the problem is homogenous, we can assume
that the total mass of individuals is normalized to one, that is ) n, + Zy m, = 1. Hence,
ng, and m, are not to be thought as numbers of individual of each types, but as masses.
We will often use the notation » = (n, m) for the vector that collects the “margins” of the

problem.

A “matching” is the specification of who matches with whom—or, more precisely, of the
mass distribution of matched pairs across groups. Let i, be the mass of the couples where
the man belongs to group x, and where the woman belongs to group y. The feasibility

constraints states that the mass of married individuals in each group cannot be greater



than the mass of individuals in that group, which is denoted p € M (r), where M (n, m)
(or M in the absence of ambiguity) is defined by:

M(n,m)=qpu=>0:VreX, Zﬂxygnx§Vy€ya Zﬂxygmy (1.1)
yey reX

Each element of M is called a “feasible matching”. For notational convenience, we shall
denote 0 = Ny — Zyey ey the corresponding mass of single men of group = and pgy, =
My — Y cx Moy the mass of single women of group y. We also define the sets of marital

choices that are available to male and female agents, including singlehood:
Xo=XU{0}, Y =YUA{0}.

We shall now discuss the “joint surplus” ®;;, which is the sum of the utilities of man
i and woman j if they match. As shown in ( ), an
important assumption made implicitly in Choo and Siow is that the joint surplus (which
they call the total systematic net gains to marriage) created when a man i of group x
marries a woman j of group y does not allow for interactions between their unobserved

characteristics, conditional on (z,y). This leads us to assume:

Assumption 1 (Separability). There ezists a matriz ® such that

(i) the joint surplus from a match between a man i in group x and a woman j in group

j s

cbij = (I)a:y + Eiy + Nzj, (1'2)
(ii) the utility of a single man i is ;0 = cio
(iii) the utility of a single woman j is éoj = 1o;

where, conditional on x; = x, the |Yo|-dimensional random vector €; = (g4y)y has probability
distribution P, and, conditional on y; = y, the |Xy|-dimensional distribution of random

vector nj = (Ngj)z has probability distribution Q. The variables

max |eiy| and max |njq|
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have finite expectations under P, and Q, respectively.

Note that we did not constrain the distributions P, and @, to belong to the extreme
value class. We extend the logit framework in several important ways: we allow for differ-
ent families of distributions, with any form of heteroskedasticity, and with any pattern of
correlation across partner groups. We will explain in section 3.2 why these extensions are

useful for applications.

To summarize, a man ¢ in this economy is characterized by his full type (x;,€;), where
z; € X and g; € RY; the distribution of &; conditional on x; = z is P,. Similarly, a woman
Jj is characterized by her full type (y;,n;) where y; € Y and n; € R*0, and the distribution

of m; conditional on y; =y is Q.

1.2 Discrete choice and generalized entropy

Before we solve the two-sided matching problem, it is useful to consider an associated
discrete choice problem. We consider men who choose between various marital options
according to a random utility model: man ¢ in group x chooses a partner in the group y

that maximizes (U, + €,) over z in ).

We will show that the ex-ante indirect surplus can be expressed as a sum of two terms:
the weighted sum of the systematic utilities, and a “generalized entropy of choice” which
comes from the unobservable heterogeneity. We will provide two useful characterizations
of the generalized entropy function, one as the convex conjugate of the ex-ante indirect
surplus, and the other one as the solution to an optimal transport problem! To the best of

our knowledge, these results, which are summarized in Theorem 1 below, are new.

Consider a man i in group z, and a vector U = (Uyy, .. ., Ux|y|). This man could either
stay single and attain utility ;9, or match with a partner in some group y and attain utility

(Ugy + €iy). The expected utility of men of group « therefore is

Gz (Ug.) = Ep, max(Uyy + ) = Ep, max | max(Uyy + ¢4), €0 (1.3)
y€No yey
!See ( ) for an introduction to optimal transport with a focus on economics.



where the expectation is taken over the random vector (eg, ... ,€|y|) ~ P,. The function
G, is known as the Emax operator for group x in the discrete choice literature. It will be
convenient to define the aggregate welfare of men by

G(U,n) =Y n.G,(Us.) (1.4)

reX

for U = (ny)wEX,yEy'

Note that as the expectation of the maximum of linear functions of the (U, ), G is a
convex function of Ug.; and G is a convex function of U. Let Y;* € ) denote the optimal

choice of marital option by a man ¢ of group z; then with U,y = 0, we have

G;(Ug.) = Ep, (Uin* + €iyi*) = Z ,Uy|chmy + Ep, (€iyi*) , (1.5)
yey

where fi,, is the conditional choice probability of option y by an individual of group z.

Our analysis gives a prominent role to the Legendre-Fenchel transform of G, which is

defined in convex analysis by

Go(pje) = B sup Z Nylachy - G2(Usz.) (1.6)

U(B-:(Uzlv-“ng:|y|) yey

whenever »_, v, ), < 1, and G7(p.|z) = +00 otherwise. Note that the domain of G7 is
the set of u., that can be interpreted as vectors of choice probabilities of alternatives in

Y. As the supremum of a set of linear functions of the f,,, G} is a convex function. The

T

theory of convex duality implies that since G, is convex, it coincides with its bitransform:

CUn) = s [ X el — Gl | 17)
B =(f1]ar R y)j2) \ yey

Now assume that p,, attains the supremum in (1.7). Then

yeY



and comparing with (1.5) shows that
Gy (11z) = —Ep, (sivy) - (1.8)

Hence —G7, (u_|m) is just the expected heterogeneity that is required to rationalize the
conditional choice probability vector p.|,. We will see in section 3.1 that in the logit setting,

—G?7 is the usual entropy function. This motivates the following definition:

Definition 1. We call the function —G’, the generalized entropy of choice of men of group

z. For p = (ttay) e v 4oy we denote

G (pn)=— sup | D wyUn—GUn) | == n.G (e /10a)
UeR¥»Y TEX YEY zeX

the generalized entropy of choice of all men.

The following result goes beyond formula (1.8) and allows us to provide a useful charac-
terization of the generalized entropy of choice. It shows that it can be computed by solving

an optimal transport problem:

Theorem 1 (Characterization of the generalized entropy of choice). Let M (u.|x, Pr) de-
note the set of probability distributions 7 of the random joint vector (Y ,€), where Y ~ p.,
is a random element of Yy, and € ~ P, is a random vector of RY0. Then =G () is the
value of the optimal matching problem between the distribution p.i, of Y and the distribution
P, of e, when the surplus is given by ey . That is,

—Gi(Hz) = sup  Er(ey). (1.9)
ﬂEM(M.m,Px)

if 3 yey, Hyle = 1, and Gy (p.|z) = +0oo otherwise.

Since problem (1.9) can be solved by efficient linear programming algorithms, it provides
us with a practical solution to the computation of generalized entropy for quite general

distributions of unobserved heterogeneity.
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1.3 The social surplus of matching

The results of the previous subsection will help us provide an expression for the social
surplus in the matching problem. We now show that the total welfare is the sum of the
systematic joint surpluses of all realized matches and an entropic term which is the sum of

the generalized entropy of choice of all men and women.

We start with an intuitive derivation of our main result, Theorem 2 below. First, we
argue that separability (Assumption 1) reduces the choice of partner to a one-sided discrete
choice problem over the groups of partners. To see this, note that by standard results in
the literature ( , ), the equilibrium utilities (@;) and (9;) of men and

women solve the system of functional equations?®

U; = Ir}%x <<i>,;j — 17j> and v; = rrl{aox (Ci)Z-j - &l) ,
where the maximization includes the option of singlehood. Focus on the first one, and recall
that @ij = CInyj +€iy; +1zj, SO that 4; = max; <(fij — 17]-) = maxy Max;.y, —y (&fij — 17j) can
be rewritten as t; = max, (<I>zy + €iy — ming, =, (0 — 773:3‘))- Denoting Vy, = min;.,; -, (D5 — Naj)

and Uy = @y — Vyy, it follows that:

U; = max (max (Uzy + €iy) ,€i0> and similarly ¥; = max (max (Vay + N2j) ,7’]0j) )
yey rEX

Recall that G, is the expected value of 4; conditional on z; = z, and G (U) =
Y wex NaGa (Uy.) is the aggregate social welfare. We define H, and H on women’s side

similarly: a randomly drawn woman of group y expects to get utility

‘Hy(Vy) = EQy (max <r;1€a)>(< (me + 7750) 5770)> )

and the welfare of all women is

H(V,m)=> myH,(Vy).
yey

2 Alert readers will note that we are taking some liberties here: we are using maxima for continuous
sets, we are neglecting issues that arise when pz, = 0, etc. The proof in Appendix A deals with all of these

points.
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As we did for the men’s side, we define H; and H*, respectively the generalized entropy of
choice of women of group y and of all women, as the respective Legendre-Fenchel transforms
of Hy and H. The social surplus WV is simply the sum of the expected utilities of all groups

of men and women:
W= n.Ge(Us.) + > myHy(Vyy) = GU,n) + H(V,m). (1.10)
zeX yey
Expression (1.10) explains how the total surplus W is broken down between men and women:

men get surplus G (U, n), while women get H (V,m). Note that the function G (resp. H)

is homogeneous of degree 1 in n (resp. m).

Letting (pzy) be the optimal matching, summing the expressions (1.7) over x and doing

similarly on the other side, we get that at the optimum,

G(U,n) = Z poyUsy — G (p,m) and H (V,m) = Z PayVay — H (p, m).
TEX,YyeY TEX,YEY

As a result, the value of the social welfare can be expressed as

W= > fay®ey+E(p,n,m) (1.11)
zeX yey
where we have defined
E(p,n,m) = —G* (p,m) — H* (,m). (112)

In contrast with expression (1.10) which explains the destination of the surplus shared at
equilibrium between men and women, expression (1.11) explains the origin of the surplus:
> fay®Pgy originates from the part of the surplus that comes from the interaction between
observable characteristics, while £(u, n, m) originates from unobservable heterogeneities in
tastes. Note that like its components G* and H*, the function £ takes infinite values for

infeasible matchings pu € M (7).

The following result makes this intuition precise by showing that the values of all of

these variables emerge from the solution to an optimization problem:

12



Theorem 2 (Social Surplus). Under Assumption 1, for any ® and r = (n,m) the optimal

matching p mazimizes the social gain over all feasible matchings p € M(r), that is

W(®,r)= max, > tay®ay + E(p7) | (1.13)
TEX
yeY

Equivalently, W is given by its dual expression

W@r)=  min (GU.n)+HV.m) (1.14)

s.t. Upy + Viy > ®py Ve € X,y € ).

The proof of this result, which is given in appendix A, consists of writing the infinite-
dimensional linear programming duality of ( ) and making
use of the separability assumption to transform it into a finite-dimensional nonlinear (con-
vex) programming duality. While (1.14) only gives us the equilibrium U and V = & — U,

the matching patterns obtain easily by using either

oG oH

= = - . 1.1
MJT?J 8Ua:y (Uv n) or sz anﬁy (V7 m) ( 5)

Note that the first-order conditions of (1.14) can be rewritten as the equality between the
demand of men of group x for women of group y; and the right-hand side is the demand of
women of group y for men of group x. In equilibrium these numbers must both equal the

number of matches between these two groups, fizy.

The right-hand side of equation (1.13) gives the value of the social surplus when the
matching patterns are . Its first term Zzy oy Pay reflects “group preferences”: if groups
and y generate more surplus when matched, then in the absence of unobserved heterogeneity
they should be matched with higher probability. In this case Theorem 2 boils down to
the classical linear programming duality for the assignment problem described in

( ). On the other hand, the second term &(u,r) reflects the effect of
the dispersion of individual affinities, conditional on observed characteristics: those men

1 in a group x that have more affinity to women of group y should be matched to this

13



group with higher probability. If available data were so poor that unobserved heterogeneity
dominates (® ~ 0), then the analyst should observe something that, to her, looks like
completely random matching. Information theory tells us that entropy is a natural measure
of statistical disorder; and as we will see in Example 1, in the simple case analyzed by Choo
and Siow the function £ is just the usual notion of entropy. This is why we call it the
generalized entropy of matching. When some of the variation in marital surplus is driven by
group characteristics (through the ®,,) and some is carried by the unobserved heterogeneity
terms ¢;, and 7,5, the market equilibrium trades off matching on group characteristics and

matching on unobserved characteristics, as measured by the generalized entropy terms in

£.

Theorem 2 has two corollaries which will prove useful later. The first one rewrites the
dual formulation as a lower-dimensional program, with expected utilities w and v as its

arguments.

Corollary 1. Let E(u;7) be any strictly concave function of p that coincides with the
generalized entropy E(u; ) over the set of feasible matchings u € M(r). For a € RY and
b c RY, define S(a,b) as the value of

max E(p;r) + Z Pay(Pry — az — by) + Z(nm — Jz0)Qy + Z(my — Hoy)by
T,yeX XY zeX yey
(1.16)

Then S is a convex function of (a,b). The social welfare is the matching problem W which
is the value of (1.14) is obtained by minimizing S(u,v) over u and v, and the solutions u
and v to (1.16) obtained this way are the expected utilities of the different types of men and
women in equilibrium, and the solutions to (1.14) for a = u and b = v are the equilibrium

matching patterns.

Corollary 1 will be instrumental in the derivation of an efficient algorithm in sections 5.2.
We will also use it in our Proposition 5 to show a simple way of estimating variants of the

( ) model.

Our second corollary states some properties of the objective function W, as a direct

14



implication of Theorem 2.

Corollary 2. The function W (®,n,m) is convex in ®. It is homogeneous of degree 1 and

concave in r = (n,m).

We can now offer a characterization of men and women utilities, both at the individual

level and aggregated over observable groups.

Proposition 1 (Individual and group surpluses). Under Assumption 1:

(i) A man i of group x who marries a woman of group y* obtains utility
Uy + €iy» = max (Ugy + €iy)
y€Vo

where Uyg = 0, and U solves (1.14).

(ii) The average expected utility of the men of group x is
oW

Uy = Gy (Ug.) = o

(P, 7).

(iii) Parts (i) and (ii) transpose to the other side of the market with the obvious changes;
and Uyzy + Viy = @yy for all x,y.

Point (i) also appears in ( ), with a different proof.
It reduces the two-sided matching problem to a series of one-sided discrete choice problems
that are only linked through the adding-up formula U,y + V, = ®,,. Men of a given group
x match with women of different groups, since each man 7 has idiosyncratic €;. shocks. But
as a consequence of the separability assumption, if a man of group x matches with a woman

of group v, then he would be equally well-off with any other woman of this group?.

2 Identification and comparative statics

In this section, we focus on identifying ® (an array of |X| x || unknown numbers) given

the observation of p (an array of the same size.) In order to study the relation between

3Provided of course that she in turn ends up matched with a man of group z.
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these two objects, we need to make assumptions on the distribution of the unobserved

heterogeneity terms.

2.1 Identification of discrete choice problems

As in section 1.2, we start by considering one-sided discrete choice problems before moving
on to matching problems. In this paragraph, we show that the generalized entropy of choice
functions —G, allow for straightforward identification of systematic utilities based on the
conditional choice probabilities.

Again, we first give the intuition of our result. By the Daly-Zachary-Williams theorem?,

we know that the derivative of the ex-ante indirect surplus of a man of group x with respect
to Uy, the systematic utility associated to marital option y, is equal to the conditional

choice probability that this man chooses a partner in group y, that is

oG, My
) = — =: . 2.1
S (Un) =2 @)

The Fenchel duality theorem® implies that if G, and G are continuously differentiable, this

is equivalent to
oG
8/Ly|a:

As a consequence, for any y € Y, Uyy is identified from p. |4, the observed matching patterns

(l"|m) = U:cy- (2.2)

of men of group z. This is only true at points of differentiability. Since the functions G, and
Hj are convex, they are differentiable almost everywhere. For simplicity, we impose a full
support assumption which ensures that G, G*, H and H* are continuously differentiable.
It is not essential to our approach®, but it makes for simpler formulae and the functions Gz

and U,. can be evaluated by solving an optimal transport problem (see , ).

Assumption 2 (Full support). The distributions P, and Q, all have full support and are
absolutely continuous with respect to the Lebesgue measure.

4 ( ) and ( ).
%(See e.g. , , p- 211).
5Tt holds in most popular specifications, including the logit model of Choo and Siow of course.
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Assumption 2 leads to the following identification result:

Proposition 2 (General identification of the systematic surpluses). Under Assumptions 1

and 2, the following statements are equivalent:

‘ 0Gy,
(Z) fOT every y € y(); Hy|le = 8ny (Uw)
3 oG,
(i1) for everyy € Vo, Upy = T(ﬂ-\x)
oy

(i1i) there exists a function ug (€), integrable with respect to Py, such that (ug (-),Uyg.) are
the unique minimizers of the dual problem to (1.9), that is of:

min / iy (£) APy (€) = 3 pyaUsy (2.3)

Uz Uz (+) ="
s.t. Uy (€) — Uy > ¢, Yy € Y,Ve € R

Uz = 0.

The primal part, point (i), is well-known in the discrete choice literature; the dual
parts, points (ii) and (iii), do not seem to be. The only related results we could find are the
inversion formulae of ( ) and ( ) for dynamic
discrete choice models; but their scope is much more restricted since they only apply to
multinomial logit and to GEV models, respectively. In contrast, parts (ii) and (iii) provides
a constructive method to identify U,, based on the conditional choice probabilities p.,,
as the solution to a convex optimization problem (part (ii)) or more particularly, to an
optimal transport problem (part (iii)). The intuition behind part (iii) is simply that each
observed choice probability i, must be matched to the values of idiosyncratic preference
shocks €; ~ P, for which y is the most preferred choice. The U.|, are the shadow prices
that support this matching. ( ) apply our approach to

dynamic discrete-choice models.
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2.2 Identification of the Matching Surplus

We move on to the two-sided matching problem which is the focus of the paper. Given
Proposition 1, we can decompose the matching problem into two series of discrete choice
problems; and we can use Proposition 2 in order to identify the equilibrium utilities U and

V as functions of p:

Proposition 3. Under Assumptions 1 and 2:

(i) U and V are identified from p by

e OH*

U o (n) and'V = o

() (2.4)

(it) The constraint in (1.14) is always saturated: Uyy+ Vi = Py for everyx € X,y € V.

As a result, the matching surplus ® is identified by

OG* OH?*
o, = L (pe) + —2L (pay) 2.5
Y 8”y|:p (l‘l’ | ) 8Nac|y (l"’ |y) ( )
that is
o€
¢I = — 7’)" . 26
V=g Be7) (26)

Combining Proposition 2 with Proposition 3, all of the quantities in Theorem 2 can be

computed by solving simple convex optimization problems.

2.3 Comparative statics and testable predictions

Recall from Proposition 1 that the partial derivative of the social surplus W(®,r) with

respect to ng is ug. It follows immediately that

8u 8’LL ’
L= (2.7)
Oong  Ong
Hence the “unexpected symmetry” result proven by
( ) for the multinomial logit Choo and Siow model is a direct consequence of the symme-

try of the Hessian of W; in fact, it holds for all separable models. We show in Appendix B.3

18



that most of the comparative statics results of Decker et al extend to the present framework,

and can be used as testable predictions for the general class of separable models.

Corollary 2 entails further consequences. Since the function W(®, r) is concave in 7, the
matrix 0*WW/0ror’ must be semidefinite negative. This implies the symmetry result above,
and much more—including sign constraints on the minors’. Similarly, since Wis convex in
® the matrix of general term 9*W/3®,,0®.; must be semi-definite positive, which implies
certain symmetry and determinant sign constraints. ( ) studies

the comparative statics of separable models in more detail.

Finally, the homogeneity of W in r implies that all utilities (e.g. Uy, and v;) and all
conditional matching probabilities p,,, must be homogeneous of degree 0 in r. In that sense,
all separable models exhibit constant returns to scale. This can be viewed as a feature, or
as a bug. ( ) and ( ) argue for a class of “Cobb-Douglas
marriage matching functions” that extends the multinomial logit specification of

( ) beyond separable models and allows for scale and peer effects.

3 Examples of separable models

While Proposition 2 and Theorem 2 provide a general way of computing surplus and utilities,
they can be derived in closed form in important special cases. In all formulee below, the
proportions and masses of single men in feasible matchings are computed as
Hojz = 1- Z Hy|z and  piz0 = Ny — Z Ky, (31)
yey yey

and similarly for women. We maintain Assumption 1 in this section.

"The most obvious one implies that the expected utility of a type must decrease with the mass of its

members:
ouy,  PW
= < 0.
ong on2 — 0
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3.1 Choo and Siow and its predictions

Our first example is the multinomial logit model used by Choo and Siow, which is a par-
ticular case of the results in Section 2 when the P, and @Q, distributions are iid standard

type I extreme value:®

Example 1 (The Choo and Siow Specification). Assume that P, and Q, are the distribu-

tions of centered i.i.d. standard type I extreme value random variables. Then

Ge(Uz.) =log | 1+ > exp(Usy) | and Gi(p.iz) = pojs 108(tope) + > _ tyl 108 thyjz- (3.2)
yey yey

where the term g, is a function of w., defined in (3.1). Ezpected utilities are u, =

—log pg|, and vy = —log ugy,. The generalized entropy is
&=- Z Py lOg Hoy|z — Z iy log Hazly> (3-3)
rzeX yey
LISRY) T€Xp

which is a standard entropy’.

Surplus and matching patterns are linked by

(I):cy = 2log My — log p120 — log Koy (34)

which is ( )’s identification result, more familiar under the form
Hzy = v/ Hz0H0y eXp((I)a:y/z)- (35)

A direct application of Corollary 1 shows that the expected utilities u, and v, minimize
the globally convex function F(u,v; ®,r) defined as

Pry—uzr—vy

g Ng (uw 4 e U — 1) + g my (Uy +e % — 1) +2 g Vzmye 2 (3.6)
TeEX yey a:gg;(
y

8From now on we deviate from Choo and Siow by centering all type I extreme values distributions we
use; the only effect of this normalization is that it eliminates the Euler constant v = 0.577 ... from expected
utilities.

9The connection between the logit model and the classical entropy function is well known; see e.g.

(1988).
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and that pyo = Ny exp(—ug); oy = exp(—vy); and figy = /Mgy exp ((Pry — uy — vy)/2).
See Appendixz C.1.1 for details.

Choo and Siow’s assumption that errors are iid draws from a standard type-I extreme
value generates a very convenient multinomial logit form; but it has severe drawbacks, as
it has both counterintuitive aspects and counterfactual implications. We show in

( ) how classical paradoxes of multinomial logit extend to matching mar-
kets'?. The Choo and Siow model has other stark comparative statics predictions. Since
Uy = —log(pzo/n2) in the Choo and Siow framework, expected utilities are in a one-to-one
relationship with the probabilities of singlehood. Property (2.7) becomes a statement on
semi-elasticities of these probabilities. Moreover, the equilibrium equation (3.5) implies that
for any 4-tuple of characteristics (z,y,2’,v'),

m = exp((Rry + Byt — Bty — By} /2).
Therefore the log-odds ratio (tiy|qfty/|2r) / (Hy|a’ thy)e) sShould only depend on the joint surplus
matrix ®, and not on the availability of different types n,m. It is easy to see that none
of the other specifications we study in this section has this invariance property. It is in
principle testable, given data for several markets which can be assumed to have the same

surplus function. This property was first pointed out by ( ), who also describes

other predictions of the Choo and Siow framework!!.

3.2 Beyond Logit

In separable models, substitution patterns are driven both by the unobserved and by the
observed heterogeneity; either one may dominate. To see this, fix the variances of the unob-

served heterogeneity terms and multiply ® by a large positive constant. Then unobserved

19See B.2 for a summary of the argument.
1 ( ) and ( ) extend this and other results of ( ) to models

with peer effects.
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heterogeneity becomes almost irrelevant, and substitution patterns will reflect the proper-
ties of the function ®. If on the other hand we multiply ® by a small positive constant,
then matching will be dominated by unobserved heterogeneity. In the multinomial logit
model, the resulting substitution patterns will be just as constrained as in the one-sided
case. As is well-known, the price cross-elasticities in single-agent multinomial logit models
are highly restricted—to such an extent that much of the applied literature now uses mixed
multinomial logit instead. This should likewise inspire caution with respect to the multilogit

matching model, as well as a quest for alternative specifications.

We illustrate this in the next subsections with two families of separable models for which
some formulz can be obtained in closed-form. The class of separable models is much larger,
however; it contains models whose error terms have discrete support, as well as models
whose G and H functions can only be evaluated via simulations. We elaborate on these two

issues in section 5.

3.2.1 Generalized extreme value

The need to go beyond the logit framework has long been recognized in the literature on
industrial organization and on consumer demand. This has led to a huge literature on
random utility models, initiated by McFadden’s seminal work on generalized extreme value
(GEV) theory ( ( ); see also ( ) for an

exposition and applications.) We give general formuleae for GEV models in Appendix C.1.

The multinomial logit Choo and Siow model is the simplest example of the GEV frame-
work. A direct extension is the heteroskedastic model considered by
( ); it allows the scale parameters of the type I extreme value distributions

to vary across genders or groups. We estimate it in section 6.

The well-known nested logit model is another member of the GEV family; we study it as
Example 3 in Appendix C. We found the flexible coefficients multinomial logit (FC-MNL)
models of ( ) more useful for our purposes, as they easily incorporate

local correlation patterns. We study them as Example 5 in Appendix C and we present
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estimates on the ( ) dataset in section 6.

3.2.2 Mixed Logit and Pure Characteristics

While the GEV framework is convenient, it is common in the applied literature to allow
for random variation in preferences over observed characteristics of products. The modern
approach to empirical industrial organization, for instance, allows different buyers to have
idiosyncratic preferences over observed characteristics of products'?. We describe a mized

logit model for matching as Example 4 in Appendix C.

Closer to our framework, hedonic models also build on idiosyncratic preferences for
observed characteristics, on both sides of a match®. Our setup allows for such specifications.
We can for instance extend the “pure characteristics” specification of Berry and Pakes

( ) in a matching context. Assume that men of group x care for a vector of
observed characteristics of partners (,(y), but the intensity of the preferences of each man
1 in the group depends on a vector €; which is drawn from some given distribution. Then
we could take P, to be the joint distribution of the vector (¢z(y) - €),cy. We investigate
a particular case of this specification in the next example: the Random Scalar Coeflicient

(RSC) model, where the common dimension of {,(y) and €; is one.

Example 2 (Random Scalar Coefficient (RSC) models). Assume that for each man i in
group x, €y = €; X (x(y), where (4(y) is a scalar index of the observable characteristics
of women which is the same for all men in the same group x, and the €;’s are iid random
variables which are assumed to be continuously distributed according to a c.d.f. F,. We

provide formulas for this model in Appendiz C.2.

The RSC model is related to the hedonic specifications investigated in
( ) and ( ). In these two

papers, y is a continuous and scalar quality parameter, and the heterogeneity is multi-

plicative: g5 = ye;. ( ) assume that ®,, is additively
2See the literature surveyed in ( ) or ( )-
13Gee ( ) and ( ).
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separable. This allows them to identify the distribution of &;, which is assumed to be known
in our setting. In contrast, ( ) assume, like us, that
the distribution of ¢; is known. To obtain identification they use a quantile transformation,

which does not extend to the discrete case our paper investigates.

4 Parametric Inference

First assume that all observations concern a single matching market. While the formula in
Theorem 2 (i) gives a straightforward estimator of the systematic surplus function ®, with
multiple payoff-relevant observed characteristics  and y it is bound to be very unreliable.
In addition, we do not know the distributions P, and Q,. Both of these remarks point to
the need for a parametric model in most applications. Such a model would be described
by a family of joint surplus functions <I>i‘y and distributions Pw)‘ and QZ‘ for A in some

finite-dimensional parameter space A.

In matching markets, the sample may be drawn from the population at the individual
level or at the household level. In the former case, each man or woman in the population
is a sampling unit; in the latter, all individuals in a household are sampled. Household-
based sampling is the norm in population surveys and we will assume it here: our sample
consists of a predetermined number H of households, some of which consist of a single
man or woman and some of which consist of a married couple. Such a sample will have
S = > N, + Zy J\/Zy individuals, where N, (resp. ]\//.Ty) denotes the number of men of group
x (resp. women of group y) in the sample Since sampling is at the household level, for any
given value of H the numbers N and M of men and women of a particular type in the
sample are random: if for instance we happen to draw many households with single men,

then the number of men in the sample will be large.

We will denote n, = ]/\\fx / S and My = ]\/4\y / S the respective empirical frequencies of types
of men and women. We group them in # = (7,m); and we let fi,, denote the observed

number of matches between men of group x and women of group y, which satisfy the usual
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margin equations
A A _»
Zyey :u’xy + Hzo = Nz
by A _p
D owex My T Moy = Ty

We assume that this dataset is drawn from a population where matching was generated by

(4.1)

the parametric model above, with true parameter vector Ag. Recall the expression of the

social surplus:

pEM(?

W(®* ) = max <Zqu>§y+5*(u,ﬁ)>.

Let u*(#) be the optimal matching for parameters A and margins #. We will show in
Section 5 how it can be computed, often very efficiently. For now we focus on statistical
inference on A. We propose two methods: a very general Maximum Likelihood method, and
a simpler moment-based method that gives consistent estimators for an important subclass

of models.

4.1 Maximum Likelihood estimation

Estimation requires that we first compute the optimal matching with parameters A for given
populations of men and women. To do this, we take the numbers 7, and m, as fixed; that
is, we impose the constraints (4.1). The simulated number of households

H* = Z MQﬁZMQ@ﬂLZMS‘y:ZﬁxﬂLZmy— Z iy

(z,y)eX XY reX yey reX yey (z,y)eX XY
depends on the values of the parameters. Let fiyo (resp. figy) be the number of single men
(resp. women) of observed characteristics = (resp. y) in the sample; and fi,, the number of
(x,7) couples'®. It is easy to see that the log-likelihood of this sample can be written as

)\

log L(A) =) Zuxylog Tt D o log £20 ot S jioylog 22 -
r€X yeY TeX yey

j\MLE

The maximum likelihood estimator given by the maximization of log L is consis-

tent, asymptotically normal, and asymptotically efficient under the usual set of assumptions.

14By construction, Z(z,y)EXxy [y + Zzex o + Zyey floy = H.
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4.2 Moment-based estimation in semilinear models

Maximum likelihood estimation allows for joint parametric estimation of the surplus func-
tion and of the unobserved heterogeneity. However, the log-likelihood may have several
local extrema and be hard to maximize. We now introduce an alternative method, which is
computationally very efficient but can only be used under two additional conditions. First,
the distribution of the unobservable heterogeneity must be parameter-free—as it is in

( ) for instance; or at least we conduct the analysis for fixed values of its
parameters. Second, the parametrization of the ® matrix must be linear in the parameter

vector:

K
oY = Mol (4.2)
k=1

where the parameter A € REX and ¢ := (¢, ..., ¢*) are K known linearly independent
basis surplus vectors. If the number of basis surplus vectors is rich enough, this can generate
any surplus function. We compute the (joint) moments of any feasible matching p as the
average values of the basis surplus vectors:

C*(p) = Z Macy(blxgy-
In particular, the empirical moments are associated with the observed matching 1. The
moment-matching estimator of A we propose in this section simply matches the moments

predicted by the model with the empirical moments; that is, it solves the system
C*(fr) = CF(p™) for all k. (4.3)

Then the moment-matching estimator is

\MM . _ e P
A = arg}r\ré%)g ;Mqu}w W(@ ,r) . (4.4)

yey

Note that the objective function in this program is concave, as W is convex in ® and ®*

is linear in A. We now show that these two definitions are equivalent:
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Theorem 3. Under Assumptions 1 and 2, assume that ®* is linear in A and that the

distributions of the unobserved heterogeneity terms P, and Q, are known. Then:

(i) The moment-matching estimator defined by (4.4) makes predicted moments equal to

observed moments: C*(f1) = C* () for all k when X = AMM

(ii) The moment-matching estimator AMM s also the vector of Lagrange multipliers of

the moment constraints in the program

Ema () = ma (€ (1, #) - CH () = O () k) (4.5)

and Emax (1, 7) = &€ (;LS‘MM, ﬁ).

(11i) The program (4.5) has the dual formulation:

Emax (f1,7) = U?Vrgﬂi{% GU,n)+ H(V,mh) = > fizy®, (4.6)
AERF rey

st Upy+Vay 202 Ve X, ye .

The intuition for (i) is simple: note that all three programs (4.4), (4.5) and (4.6) are
globally convex optimization problems, and hence very easy to solve numerically. we know
from (1.13) that if p is optimal for ®, then OW/0® = p, and the first-order condition in

(4.4) is simply the equality between predicted and observed moments, that is equality (4.3).

Part (ii) of Theorem 3 generates a very simple specification test. Compare the actual
value & (f1, 7) of the generalized entropy associated to the empirical distribution to the value
Emax ([, 7) of the program (4.6). By definition, & (f1,7) < Emax ([, 7); moreover, these two
values coincide if and only if the model is well-specified. We state this in the following

proposition:'®

15The critical values of the test can be obtained by bootstrapping for instance. One could also run the test
for different specifications of the distributions of heterogeneities and invert it to obtain confidence intervals

for the parameters of P, and Q.
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Proposition 4. (A Specification Test) Under Assumptions 1 and 2, assume that the
distributions of the unobserved heterogeneity terms P, and Q, are known. Then £ (f1,7) <

Emax (1, 7), with equality if and only if there is a value X of the parameter such that ®* = ®.

In the Choo and Siow case, program (4.4) has a particularly simple form.

Proposition 5 (Estimation in the Logit Case). When ¢ and n both have Gumbel distribu-
tions with scaling parameter one, the moment matching estimator X solves
in F (PN P) — gy @
min Fu,v; 2%, 7) wez;(uxy »

yey

where F' is defined in (3.6).

Proposition 5 is a direct consequence of formula (3.6), as the objective function is smooth
and globally convex in its |X|+ || + K arguments. It is therefore easy to minimize. In
addition to the estimator of A, it also yields estimators of the expected utilities u and v as

a by-product.

4.3 Parameterization, testing, and multimarket data

Proposition 3 shows that, given a specification of the distribution of the unobserved het-
erogeneities P, and Q,, there is a one-to-one correspondence between p and ®. To put
it differently: any matching on a single market can be rationalized by exactly one model
that satisfies Assumptions 1 and 2, for any such vector of distributions. This has several
consequences for analysts using data on a single market. Without further restrictions, it
is impossible to test separability, even assuming perfect knowledge of the distributions of
unobserved heterogeneity. It is also impossible to discriminate between separable models
based on different distributions. One way out of this conundrum is to incorporate credible
restrictions (inspired by theoretical restrictions, or by institutional features of the market)
into both the surplus matrix ® and the distributions of unobservable heterogeneity P, and

Q. To take a simple example, suppose that we know that there is no interaction between
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partner characteristics 2* and ¢! in the production of joint surplus: for fixed values of the
other characteristics, ®,, is additive in x¥ and y!. Given our identification formula (2.6)
and observed matching patterns, this translates into a set of constraints on the deriva-
tives of the generalized entropy, and therefore on the distributions P, and @Q,. Adding
constraints on the distributions would make the model testable!®. As another example,
consider a semiparametric specification in the spirit of

( ): Ppy = b;@v, with known d-dimensional vectors ¢, and unknown vectors b,. If
d < |Y|, this would restrict the number of degrees of freedom in ®, freeing parameters to
specify the distributions of heterogeneity and/or to test the model. An alternative empirical
strategy is to use multiple markets with restricted parametric variation in the joint surplus
® and the distributions of unobserved heterogeneity P, and Q,. The variations in the
group sizes n and m across markets then generate variation in optimal matchings that can

be used to overidentify the model and generate testable restrictions.

( ) relied on a variant of this approach.

5 Computation

Estimating the model requires confronting two layers of computational challenges. The first
layer consists of computing the optimal matching p for a given surplus function. Fortu-
nately, the properties of the problem make it much less costly than one would naturally
expect. First, they allow the use of straightforward descent methods that work very well in
such globally convex problems. Second, in models when the unobserved heterogeneity has
a discrete support (or when it has been discretized), computing the equilibrium matching
becomes a finite-dimensional linear programming problem. Third, when the unobserved
heterogeneity belongs to the logit family (of which the Choo and Siow multinomial logit
model is the simplest instance), a lower-dimensional alternative based on the Iterative Pro-

jection Fitting Procedure (IPFP) proves to be particularly efficient. We present these three

16 As a trivial illustration, finding that log fi, is not additive in z® and y' would reject the Choo and Siow

model in this example.
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methods here and we test their performance in Appendix D. The second layer consists of
estimating the parameters of the surplus function. Each of the three methods can be nested
inside an estimation algorithm. We show that in addition, when the surplus function takes
the linear form described in section 4.2, one can extend the min-Emax and linear program-

ming methods and bypass this inner loop to estimate the parameters by moment-matching.

We present two methods to compute the equilibrium: Min-Emax (gradient descent),
and IPFP (coordinate descent. In appendix D, we present a third one, linear programming

based on simulated draws.

5.1 Min-Emax method

Theorem 2 gave two expressions for the social surplus. Program (1.13) solves for the equi-
librium matching patterns . Alternatively, program (1.14) solves for the U and V' utility
components. Since the generalized entropy &€ is concave and the functions G and U are
convex, these two programs are globally convex, with linear inequality constraints. Under
Assumption 2, none of the constraints p € M(n, m) in the first program bind at the op-
timum since all 0 and pg, are positive; and by part (ii) of Proposition 3, the constraints
U 4+ V > ® in the second program are all saturated at the optimum. Therefore by the-
orem 2, we can obtain the equilibrium matching patterns by solving the globally concave
unconstrained maximization problem (1.13), and we can obtain the U and V equilibrium
utility components by solving its dual, the the globally convex unconstrained minimization
problem

min  (G(U,n)+ H(® -U,m)). (5.1)
UeR|XIxIYI

Since G = > n,;G,, where G, is the expected value of the maximum utility of men of
group z, we call the method based on (5.1) the min-Emaz method. Problem (5.1) has
dimension |X| x ||, is unconstrained and has a very sparse structure: it is easy to see that
the Hessian of the objective function contains a large number of zeroes. It only requires
evaluating the G; and H,, which is often available in closed-form; when not, we will show

later how to use simulation and linear programming to approximate the problem. As (5.1)
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is globally convex, a descent algorithm converges nicely under weak conditions; each of its
iterations consists of updating U so as to reduce the excess demand of x for y for instance
by decreasing U,,, or equivalently increasing the price V,, = ®,, — Uy, of women of group
y for men of group z. Solving (5.1) therefore replicates a Walrasian tatonnement process;

we don’t need to be concerned about its convergence since global convexity guarantees it.

In some cases, such as the Choo and Siow specification, the sparse structure of the
problem can be exploited very easily to reduce the dimensionality further. The function F
of (3.6) only has | X| + |Y'| arguments, rather than the | X| x |Y| of G and H. This speeds

up the search for a minimum considerably—see Appendix D.

5.2 IPFP

In some applications, the number of groups |X| and |)| can be large and solving for equilib-
rium by minimizing (5.1) may not be a practical option. We develop here an algorithm that
extends the Iterative Projection Fitting Procedure (IPFP); it can provide a very efficient
solution if the generalized entropy &£ is easy to evaluate. Recall from Corollary 1 that the
social welfare is the minimum of S(a, b; ®,7) defined in (1.16), and that it is achieved at
the equilibrium expected utilities u,v. Denote p(a,b; ®,7) the matching that maximizes
S(a,b; ®,7). The optimality conditions with respect to u, and v, respectively are simply

the adding-up constraints:

ng = Z Loy (U, v; @, 7) + pg0(u, v; P, 7) (5.2)
yey

my = Z,uzy(u,v;@,r) + poy(u, v; @, 7). (5.3)
zey

We want to find the w and v that solve these equilibrium equations for given surplus ®
and margins . To do so, we will adjust the prices alternatively on each side of this market.
First we fix the prices (v,) and we find the prices (u,) such that the demands clear the
markets for inputs x € X, that is, the system of equations (5.2) is satisfied. Then we fix
these new prices (u,) and we find the prices (vy,) such that the demands clear the markets

for inputs y € Y, so that the system (5.3) is satisfied; and we iterate. This is a coordinate
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descent procedure. As its name indicates, the Iterative Projection Fitting Procedure was
designed to find projections on intersecting sets of constraints, by projecting iteratively on

t17

each constraint’’. We describe the algorithm in full detail in Appendix D, and we prove its

convergence there.

Theorem 4. Under Assumptions 1 and 2, the IPFP algorithm converges to the solution p
of (1.13) and to the corresponding expected utilities.

Take the multinomial logit Choo-Siow model of Example 1 for instance. Fix a value of
A and drop it from the notation: let the joint surplus function be ®, with optimal matching

p. Formula (3.4) can be rewritten as

P,
My = €XP <2y> v/ Hz0 M0y - (54)

As noted by ( ) we could just plug this into the
feasibility constraints Zy Py + He0 = Ng and Y fay + foy = my, and solve for the masses

of singles jiz0 and p,. This results in a system of |X| + | V| equations:

o,
pao+ | Y exp <2y> Vioy | Vizo = ng (5.5)

yeY
Loy + (Z exp <(I>;y) \/M) oy = My. (5.6)
reX

Taking the unknowns to be /.0 and ,/fgy, each of these equations is quadratic in the

unknowns. IPFP simply consists of solving the system (5.5) iteratively. Starting from an

(0)
Oy »

2
2k+1 A2 ; oy 2k
oo (\/ﬁ - Az) with Az = Zyepesp (%) /i
2
2k-+2 B B : 2o 2htl
oy = < my+4y—2y> with By:ZmEXeXp( 2y> Ho

Note that since in the Choo and Siow model the shadow prices u, and v, are simply

arbitrary guess p,,’, at step (2k + 1) we find the following updating equation

(5.7)

minus the logarithms of the corresponding pz0 and oy, this algorithm in fact operates on

171t is used for instance to impute missing values in data (and known for this purpose as the RAS method.)
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u, and v,. We also illustrate the algorithm for the nested logit model in Example 3 in
Appendix C.1.2. We tested the performance of our proposed algorithms on an instance of
the Choo and Siow model and we report the results in Appendix D. The IPFP algorithm is
extremely fast compared to standard optimization or equation-solving methods. The min-
Emax method of (5.1) is slower but still works very well for medium-size problems, and it

is applicable to all separable models.

6 Empirical Application

We tested our methods on Choo and Siow’s original dataset, which they used to evaluate
the impact of the Roe vs Wade 1973 Supreme Court abortion ruling on marriage patterns
and on both genders’ marriage market surpluses. A detailed description of the data can
be found in Appendix E. ( ) exploited two waves of surveys: one from
the years 1970 to 1972, and one for 1980 to 1982. They distinguished those states in which
abortion was already liberalized (the “reform states”) from those where the Supreme Court
ruling implied major legal changes. Our focus here is not on reexamining the effect of the
ruling. We aim to test their chosen specification (a fully flexible surplus ® and iid type I
EV errors) against some of the many other specifications that our analysis allows for. To do
this, we select one of their subsamples. We chose to work with the 1970s wave, when couples
married younger. This allows us to focus on the age range 16 to 40 with little loss'®. We
use the “non-reform states” subsample, which has 224,068 observations representing 13.3m

individuals.

Our Proposition 3 implies that if we let the surplus ® be non-parametric as in
( ), all separable models achieve an exact fit to the data. In that sense, there
is no way to choose between say a nested logit model and a Random Scalar Coefficients
model. To circumvent this issue, we proceed in two steps. First, we keep Choo and Siow’s

choice of error distribution but we fit a more parsimonious model of surplus to the data,

18 ( ) allowed for marriage from ages 16 to 75. Our sample is 12% smaller.
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using the semilinear model described in 4.2. This allows us to select a set of basis functions
(qb’;:y). We then fit alternative specifications to the data, using this set of basis functions

and different distributions for the error terms.

6.1 Selecting Basis Functions

We used our moment matching method to estimate 625 semilinear versions of the original

( ) specification, which we will call “the homoskedastic logit model”.
They all include the two basis functions qbiy =1 and gb%y = Dyy = 1(x > y), where z is
the age of the husband and y that of the wife—both linearly transformed to be in [-1,1].
The D term accounts for possible jumps or kinks in surplus when the wife is older than
the husband (D = 0). In addition to these two basis functions, we include a varying set
of functions of the form x4y’ and 23/ D. Our richest candidate specification has 98 basis

functions; note that the nonparametric model has 625 (as many as marriage cells.)

Figure 1 plots the values of the Akaike Information Criterion (on the horizontal axis)
and of the Bayesian Information Criterion (on the vertical axis) for the 625 models, and
for the nonparametric model NP. The location of NP shows that even for our sample of a
couple hundred thousand observations, it is severely overparameterized: no fewer than 490

of our 625 models have a better AIC, and all of them have a better BIC.

Our best AIC model is still large: it has 60 coefficients, of which 49 are significant at
5%. With such a large sample, we could probably have included even higher-degree terms
and improved the AIC slightly. While the AIC criterion subtracts twice the number of
parameters from the log-likelihood, the BIC criterion penalizes it by half of the logarithm
of the number of observations. With our 224,068 observations, this amounts to 6.2 rather
than 2 times the number of parameters. As a result, the BIC-selected model only has 30
coefficients, of which 28 differ significantly from 0 at the 5% level. For model selection
(as opposed to forecasting), BIC is more appropriate than AIC and we will work with its
30 selected basis functions from now on: all terms z™y" and «™y"D for 1 < m < 2 and

1 <n<A4.
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Models
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6.2 The Homoskedastic Logit Model

Table 4 in Appendix F collects our estimates for the coefficients of the BIC-preferred model
with iid standard type I EV errors. Since the distributions P, and Q, are parameter-free
in this model, the table shows the estimated coefficients for the 30 basis functions in its
first column. We evaluated their standard errors (third column) with a bootstrap procedure
based on 999 draws from the estimated variance-covariance matrix of the observed matching

patterns fi.

The bootstrap also allows us to compute a p-value for the entropy test described in
Proposition 4. The value of the entropy test statistic in the sample has a bootstrapped
p-value is 0.856. Recall that this tests the hypothesis that the true surplus function is a
linear combination of our 30 basis functions, conditional on the distributional assumptions
being true. The p-value tells us that this “spanning hypothesis” would only be rejected at
the 15% level. This confirms that the 30-bases model is a very good approximation to the
data-generating process. The Choo and Siow model aims at explaining marriage patterns
by age, from age 16 to age 75. In the early 1970s, close to 80% of marriages occurred before
either partner was 30 years old, so that the number of data points to fit is rather small.
Even using BIC to reward parsimony, with more than 200,000 observations we end up with

a rich model and an excellent fit.

As a consequence, the distributional parameters we introduce can only improve the
fit marginally. We did find, however, that allowing for gender- and age-dependent het-
eroskedasticity yielded a notable improvement in the fit. Interestingly, it also changes the
profile of surplus-sharing within couples: the share that goes to the husband increases much
more steeply than in the original (homoskedastic) Choo and Siow specification. We also
fitted several Generalized Extreme Values models. The most promising ones seem to be
those of the FC-MNL family ( , ), which incorporate the type of
local correlation patterns that are missing from the multinomial logit framework. While
they do not outperform the basic Choo and Siow specification in our application, they are

easy to implement and seem to us to have much potential in matching models.
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6.3 Beyond the Homoskedasticity: Heteroskedastic Logit Models

We now move to specifications that allow for parameterized distributions of the error terms
e and 1. These parameters cannot be estimated by moment-matching, which can only be
used to estimate the coefficients of the basis functions for given values of the distributional
parameters. One could maximize the resulting profile log-likelihood. Alternatively, the
moment-matching equalities can be imposed as constraints in an MPEC approach. We have
found that in practice, maximizing the log-likelihood over all parameters (distributional and
coefficients of basis functions) worked well. This is the approach we use in the rest of this

section!?.

We explored several ways of adding heteroskedasticity to our benchmark model, while
maintaining the scale normalization that is required in this two-sided discrete choice prob-

20, As reported in Appendix F, adding heteroskedasticity across genders barely im-

lem
proves the fir, and deteriorates the BIC. On the other hand, we found that introducing
heteroskedasticity on both gender and age does improve the value of the BIC. Our pre-
ferred model in this class replaces the term &y +n;, with o, +7y1)jz, With o, = exp(o1x),
and 7, = exp(7g). This still quite parsimonious model yields a noticeable improvement
in the fit: +37.5 points of loglikelihood, and +25.2 points on BIC. The two distributional

parameters are precisely estimated. Here again the entropy test does not reject the null of

correct specification.

Our estimates give 7, = 0.47 and a o0, that increases from 0.19 at age 16 to 5.29 at age
40; or, to focus on more likely ages at marriage for men in the early 1970s?!, from 0.28 at
age 18 to 0.72 at age 25. This is a large relative variation. It impacts directly the shares of
surplus that each partner can expect to get in a match. Simple calculations show that in

this heteroskedastic version of the ( ) model, the expected share of the

9The one difficulty we faced is in inverting the information matrix to compute the standard errors: the
matrix has one or two very small eigenvalues that corresponds to two coefficients of the interactions of y

and y? with D = 1(z > ). We held them fixed when computing the standard errors.
20We normalize the standard error of € to be 1 for a man of age 28—the midpoint in our sample.
2'Recall that “age” is as recorded in 1970, while marriage occurs in 1971 or 1972.
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Figure 2: Men’s Share of the Marriage Surplus in the Logit Models

The dashed blue line indicate the number of same-age marriages. The dashed black line corresponds

to equal sharing of the surplus.

man in an (z,y) match is

Uy oy log Ho|z

Uz + Uy B oy log Ho|g + Ty log Holy ‘

Figure 2 plots this ratio in the homoskedastic and in the heteroskedastic models for
same-age couples (z = y). The surplus share of men clearly increases much more with age
at marriage in the heteroskedastic version. Since the heteroskedastic model fits the data
better, this suggests caution in interpreting the results of Choo and Siow (2006) on the

effect of Roe vs Wade on the expected utilities of men and women in marriage.
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6.4 Flexible Multinomial Logit Models

Nested logit models assign equal correlation between all the alternatives in a given nest.
This is not well-suited to the kind of correlations we would like to capture??. What we need
is a specification in which the preference shock for a partner of say age 22 is more positively
correlated with the preference shock for a partner of age 23 than it is with the preference
shock for a partner of age 29. In order to capture “age-local” correlations, we turned to the
Flexible Coefficient Multinomial Logit (FC-MNL) model of ( )23,
This specification belongs to the class of Generalized Extreme Values models that we dis-
cussed in Appendix C.1. It allows for much more general substitution patterns between the
different choices of partners, and in particular for “age-local” substitution patterns that we

expect to find on the marriage market.

We estimated a few models of this family, along the lines suggested by
( ). All specifications we tried give similar results; we present here the results we

obtained where the matrix b that drives substitution patterns is given by

bm(w) : /
pr  — vl ity #y
vy

1 if y =1v/;
where b, (x) is an affine function of the man’s age. We used a similar specification on

women’s side, with an affine function b, (y) divided by |z — 2/|.

The maximum likelihood estimator of this model achieves a meager gain of 0.5 point of
the total loglikelihood over the basic Choo and Siow model. The affine functions are zero for
the older men and women. Their estimated values for young men and women are positive
but small?*. Still, they do suggest more subtle patterns of substitution between partners
than the Choo and Siow model allows for. We illustrate this on Figures 4 and 5. Figure 4

for instance plots the “demand semi-elasticities”: 0log py,/0V; for men whose age x goes

22We did estimate a simple two-level nested logit, and we found that the likelihood barely improves—see

Appendix F.
23We thank Gautam Gowrisankaran for suggesting that we use this model.
24Gee Appendix F.
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from 16 (in 1970) to 21. The horizontal and vertical axes represents partner’s ages y and ¢

(five on each side of x, with the obvious truncation.)
In the Choo and Siow model, the semi-elasticities are given by the usual formula:

dlog Ht|x

ov; (y t) Hoy |z

Aside from the diagonal y = t, the semi-elasticities do not depend on t. This appears
as the vertical bands in the upper panel of Figure 4. The lower panel shows the same
semi-elasticities for the FC-MNL model. Even with the small values of the b coefficients we

estimate, richer substitution patterns appear. Figure 5 tells a similar story for women.

Concluding Remarks

We have left several interesting theoretical issues for future research. One such issue is
the behavior of the finite population approximation of the model. We have worked in an
idealized model with an infinite number of agents within each observable group. It is easy
to adapt the proofs in Appendix A by replacing the distributions P, and Q, with the
empirical distributions, and the expectation operators with the population means. E.g.

G, (Ug.) becomes

1
— max{Uyz, + iy} -
. > max {Usy + iy}

T
This is still a convex function, but it has kinks; as a consequence, the derivatives become
subgradients in items (i) and (ii) of Proposition 2, and the utilities are only partially identi-
fied from the matching patterns in Proposition 3. It is natural to expect that the estimated
regions for the parameters shrink to their large population analogs. This goes beyond the
scope of the present paper and is left as a conjecture. Likewise, we leave the characterization

of the rate of convergence for future research.

Several assumptions made in our paper are tested on simulations by
( ). They seek to quantify the bias induced by assuming separability in a
model which is not by adding i.i.d. shocks in a Choo and Siow model, and find that the
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resulting estimates of the surplus matrix are biased upwards, but the estimates of the surplus
complementarities have very little bias, when one adds a large nonseparable heterogeneity.
They also run simulations to assess the large market assumptions which suggest that for the
Choo and Siow specification at least, the large markets assumption can be used safely even
with populations of a few hundred individuals. We find these simulation results reassuring

about the assumptions we have maintained in the present paper.

Finally, let us mention some extensions. On the methodological front, one challenge
is to extend our analysis to the case where the observable characteristics of the partners
may be continuous. This issue is addressed by ( ) for the Choo
and Siow model, using the theory of extreme value processes; they also propose a test of
the number of relevant dimensions for the matching problem. Our results also open the
way to applications beyond the bipartite, one-to-one matching framework of this paper.

( ) for instance describe a formal analogy between
the “roommate” (non-bipartite) problem and the bipartite one-to-one model. We expect
that this framework should also prove useful in the study of trading on networks, when
transfers are allowed (thus providing an empirical counterpart to
( ) and ( ). Also, while the
present paper operates under the maintained assumption that utility is fully transferable
without frictions, this assumption can be relaxed; ( )
study models with imperfectly transferable utility and separable logit heterogeneity, while

( ) look at models with nontransferable utility and a similar form

of heterogeneity.
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Appendix

A  Proofs

A.1 Proof of Theorem 1

Replace the expression of G, (1.3) in the formula for G}, (1.6) to obtain

0
® y€lo

where the minimization is over ﬁw such that UxO = 0. The first term in the minimand can
be seen as the expectation of the random variable —U,y under the distribution Y ~ Y | X =z
The second term can be rewritten as the expectation Ep, t,(e;.) where €; is drawn from

the distribution P, under the constraint that a,(e;) — ny > g4y for all y, with equality for

at least one y. Therefore, setting V,y, = —U,,, one has
st. Voo = 0 and 4y(es.) + Viy > €5y Ves,Vy € Mo

where the argument g;. ranges over all values in the support of P,. We recognize the value
of the dual of a matching problem in which the margins are y1y,—, and P, and the surplus

is €iy. By the equivalence of the primal and the dual, this yields expression (1.9).

A.2 Proof of Theorem 2

In this proof we denote n the distribution of (z,¢) when the distribution of = is n and the

distribution of e conditional on x is P,. Formally, for S C X x R, we get

7 (S) :an/m 1(z,e € 8)dP, ().

We define m in the same way.
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(i) By the dual formulation of the matching problem (see

( )), the value of total welfare in equilibrium is obtained by solving
woit [ [aweditee+ [smman ) (A1)
s.t.

(
e)+0(y,n) > Py +ey + 1 V(z,y,6,m)
) >eo0 Y(z,¢)

) >

u(,
u(z, e
o (y

Y, 1 Y(y,n).

Fix any 4, v that satisfies all constraints in this program. For x € X and y € ), define
Upy = irelf {t(z,e) — ey} and Vpy = i%f {v(y,n) —na}-

Also define Uy = Voy = 0. Then @ (z, ) > maxyey, {Uszy + ey} and 0 (y, ) > maxzex, {Vay + 12}
and the first constraint in (A.1) is simply Uy + Viy > ®4,. Reciprocally, assume that
Uzo = Voy = 0 and Uyy + Vyy > ®yy for all z € X and y € )Y, and define

U (z,e) = max{Uyy + &y} and 0 (y,n) > max{Vyy +15};
y€Vo zeXo
Then (@, ) satisfies all constraints. Therefore we can rewrite the whole program as:

W = mln </ max{ny +ey}dn(x,¢) /max {Vay + 12} di (v, 77)>
s.t. Umy—i—mez@mnyeX,yEy

and Uz =Voy =0Vx € X,y €.

Now remember that we defined G,(U,.) = [ maxycy,(Uyy + £y)dPy(e) and G(U,n) =
> 2 2G4z (Uy.). Under Assumption 1,

max (Uzy +€y)

< max|Ugy| + max|e
yey0| xy‘ yey0| y|
is integrable, so that G, is well-defined. It follows that

W = I(IJli‘;l(G(U,n)-i-H(V,m))

)

s.t. Upy +Viy > Ppy Vx e X,y €Y
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which is expression (1.14). Introducing multipliers (ty), this convex minimization problem

can be expressed in a minimax form as

W = minmax (G (U,n)+H(V,m)+ %: Hay Py — gy: fayUsy — %}: Mwawy>

which is (1.13):

A.3 Proof of Corollary 1

Recall from equation (1.13) that the equilibrium matching p maximizes °,  pay Py +
E(p,r) over p in RY*Y, While £ is well-defined and concave, it is only strictly concave
when p has the margins = (otherwise £ is infinite). Take any strictly concave function
E(p;7) that extends &, in the sense that E(p;r) = £(p, ) whenever p has margins n and

m. There are many ways of doing it; indeed any choice of
E (i)=& <u, Dy F a0, Y fhay + uoy> + K ()
Y T

will work, where

K (p;r) = Z {Am (Zﬂzy + M:po) - Ay (nx)} +Z {By <Z Hay + M0y> — By (my)} )
T Y Y T

(A.2)

and A, and B, are concave functions from R to R. Defining F in this way ensures that it

coincides with £(p,r) for any feasible matching; and adding the term K makes E strictly

concave in .
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The program (1.13) can be rewritten as

max Z Py Py + E (5 7) (A.3)
"
T,YyeX XY
s.t. Hz0 —+ Z ,Umy = Ng
yeY
poy + Z My = T
reX

Denote a, and b, the multipliers of the constraints. The Lagrangian of (A.3) can be

written as

a,b

L= mﬁmx min Z Py Py + E(u;r Z ag | a0 + Z Moy — Mg | — Z by (,uoy + Z Moy — My

TYEX XY reX yeY yeY reX
= maxmin > tay (@ay — ax —by) + E(psr) + > ax (na — pizo) + > by (my — poy)
T,YyeX XY reX yey

Interchanging min and max gives £ = mingp S(a, b; ®, ), where S is defined in the corol-

lary. It is a maximum of linear functions of a, b and therefore convex. Since the constraints

are binding at the optimum, W = L. Moreover, by the envelope theorem gTV: = 68;2 = Q.

By Proposition 1, this gives a, = u,; and the u’s are the corresponding matching patterns.

A.4 Proof of Corollary 2

The convexity of W w.r.t. ® follows immediately from (1.13); the concavity of W w.r.t.
(r) similarly follows from (1.14). Since G(U,n) is 1-homogeneous in n and H(V,m) is

1-homogeneous in m, the dual program shows that W is 1-homogeneous in r = (n, m).

A.5 Proof of Proposition 1

We proved part (i) and Uy + Viy = P,y when proving Theorem 2. For Part (ii), note that
applying the envelope theorem twice,

ow oG*  0G

ong on;  Ong
which equals G by the definition (1.4). Part (iii) is similar.
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A.6 Proof of Proposition 2

Given that P, has full support, for all U,. and for each y the probability that U,,+¢, reaches
the maximum in the definition of G, (U,.) is positive. But by the Daly-Zachary-Williams

theorem, this probability is the derivative of G wrt Uy, and it equals p,,, proving (i).

Since po, > 0, we have Zyey tyle < 1 and we can neglect the feasibility constraints
n (1.6). Applying the envelope theorem gives us U,y = (GG;/Ouym) (1.)) for the value
of Uy, that achieves the optimum, which proves (ii). Point (iii) follows by the fact that
Uy = (an/auyu) (K.)z) is equivalent to U,. being the minimizer of the strictly convex
function U,. — G, (0}) - Zyey uymﬁwy, that is

_ min max {ny + Ey} dP, ( Z ,uy‘x
U,.:Uz0=0J v€Wo Jey

which gives (2.3), QED.

A.7 Proof of Proposition 3

Part (i) follows from Proposition 2 (ii). And since the p’s are the multipliers in (1.14) and

they are all positive, the constraints must be saturated, proving (ii).

A.8 Proof of Theorem 3

(i) The moment-matching estimator X solves (4.4), so that 3" v ,uwgbxy (OW/ON;) (@* A #, ™);
but

A s oo A
W(® ,n,m)-mﬁmx(%uwé +E&(p ) Z:‘%y‘b + &™)

and q)g‘y = > )\kgbﬁy. Therefore by the Envelope Theorem, (OW/d\y) (‘I’j‘,ﬁ,'rh) =
X gk
2y My Py

(ii) Given (1.13), the program (4.4) can be rewritten as

max  min E(pn,n,m) |.
i (S )
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Since the objective function is convex in g and linear in A, we can exchange the max and the
min. Consider a value of p such that 37, (fay — Hay) qS’;y # 0 for some k; then minimizing
over A gives —oo. Therefore these equalities must hold at the optimum, and g minimizes
& over the set of p € M(f, ) such that }_,  (flzy — Hay) ¢k, =0 for all k.
(iii) Given (1.14), the program in Theorem 3 can be rewritten as
. A4 A EA
Jnin W(®H, 7) — Z fray @2y
zeX
yey

which is just the definition of the moment matching estimator in (4.5). QED

A.9 Proof of Proposition 4
Denote A := AMM_ Since ;1,5‘ maximizes ,uzyq)i‘y + E(p, n,m) wrt p,

& (1 i) — & (i) 2 3 (fiy — 1) ©2,

and the inequality is strict unless /,1,5‘ = f[1, since & is strictly concave in p. But the
RHS is zero by definition of the moment-matching estimator A. Therefore & (,uj‘, L, M) >
E (b, ,m), with equality if and only if ,u,5‘ = fi. Finally, item (iii) of Theorem 3 shows

that 5(#5‘, 7, M) = Emax(fr, i, M) if the model is well-specified.

A.10 Proof of Proposition 5

A
Letting p}y = 1z exp (—uy), u(/}y = myexp (—vy) and u%y = /Mgy exp (W), the
optimality conditions with respect to u, v and A imply respectively that ,u;y has the right

z and y margins, and the right moments k, that is

Zyey :U’i\y + M%O =Ny
A A
Dowex My T Moy = My

A ok S k
D oweX WoyPay = D zeX flay®
f/ey Ty TY ?2;6)7 TY TV xy
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A.11 Proof of Theorem 4

We start by extending the generalized entropy £ to a strictly concave function E as ex-
plained in A.3. For notational simplicity, we now drop the arguments » and ®. Corollary 1
shows that the value of the matching problem is ming p S(a,b). We solve for the minimum

(2K)

iteratively by coordinate descent. At step 2k, we first fix b = b'**) and we solve the convex

minimization problem over a only:
a2kt = arg min S(a, b(%)).
a

Then we keep a = a1 fixed at this new value and we solve the minimization problem
over b:

b+2) = argmin S(a®+) b).
b

We stop the iterations when b2 and b(2%) are close enough. We take u(2**1) and v(2k+2)
to be the average expected utilities, and the associated p to be the equilibrium matching

patterns.

Let us now prove that the algorithm converges to the global minimum (w,v) of S.
We rely on results in ( ), which builds on ( ). The
map pu — —FE(p) is smooth and strictly convex; hence it is a “Legendre function” in their

terminology. Introduce the associated “Bregman divergence” D as
D(p,v)=E@) - E(p) +(VE@),p-v),
where V denotes the gradient wrt &; and define the linear subspaces M (n) and M (m) by

M) ={p>0:Vr e X, Z,uxy:nx}andM(m):{uEO:VyEy, Zuxy:my}

y€Vo rEXy

so that M(r) = M (n)NM (m). It is easy to see that u*) results from iterative projections

with respect to D on the linear subspaces M(n) and M(m):

(2k+1) _ mn D (2k) d p(2k+2) — in D GkHDY (A4
n arguenj\l}lr(ln) (u,u )an n argueﬂj\lé?m) (,u,u, ) (A4)
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By Theorem 8.4 of Bauschke and Borwein, the iterated projection algorithm converges

to the projection g of u(®) on M(r), which is also the maximizer p of (1.13).

As mentioned earlier, there are many possible ways of extending £ to F, depending on
the choice of the functions A, and B, in (A.2). In practice, good judgement should be
exercised, as the choice of an extension E that makes it easy to solve the systems in A.4 is

crucial for the performance of the algorithm.

B Additional Elements

This section is dedicated to additional discussions, supplementary results, and interpreta-

tions that are not covered in the main text.

B.1 The Separability assumption

Recall from assumption 1 that we have assumed that the individual matching surplus ® is
separable in the sense that in the terms of equation (1.2), one has éij = ®uy + iy + Naj-
This form is a consequence of the stronger assumptions imposed by ( )
who assumed that the utility surplus of a man 4 of group  who marries a woman of group
y can be written as

Quy + T + iy, (B.1)

where o, is the “systematic” part of the surplus; 7 represents the utility transfer (possibly
negative) that the husband gets from his partner in equilibrium; and €; is a standard type I
extreme value random term. If such a man remains single, he gets utility €;o; that is to
say, the systematic utilities of singles «,o are normalized to zero. Similarly, the utility of a

woman j of group y who marries a man of group = can be written as

Yoy — T + Nzj, (B.2)

where 7 is the utility transfer she leaves to her partner. Again, we normalize o, = 0.
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It is easy to see that Assumption 1 is equivalent to specifying that if two men ¢ and
7" belong to the same group x, and their respective partners j and j’ belong to the same
group ¥, then the total surplus generated by these two matches is unchanged if we shuffle
partners: éij + <i>z-rj/ = éij/ + @i/j.

It should be clear from this equivalent definition that we need not adopt Choo and
Siow’s original interpretation, in which € was a vector of preference shocks of the husband
and 1 was a vector of preference shocks of the wife. To take an extreme example, assume
that men are indifferent over partners and are only interested in the transfer they receive;
while women also care about some attractiveness characteristic of men, in a way that may
depend on the woman’s group. In a marriage between man ¢ of group x and woman j of
group vy, if the wife transfers 7 to the husband his net utility would be 7, and hers would be
(€iy — 7). Since the joint surplus is g, it clearly satisfies Assumption 1. All of our results
would apply in this case. Note that since there is a continuum of women in each group v,
but only one man ¢, man ¢ must capture all joint surplus if he marries a woman of group y
in equilibrium: his net utility must be ¢;,,, and hers is zero. In other words, this man will
receive a transfer 7; = maxyey €4y, which must depend on his unobservable characteristic. In
contrast, in Choo and Siow’s preferred interpretation equilibrium transfers only depend on
characteristics that are observed by the analyst. Once again, this is a matter of modelling

choice and not a logical necessity since the € and 1 terms are observed by all agents.

While separability is a restrictive assumption, it allows for “matching on unobservables”
: when the analyst observes a woman of group y matched with a man of group x, it may
be because this woman has unobserved characteristics that make her attractive to men of
group x, and/or because this man has a strong unobserved preference for women of group
y. What separability does rule out, however, is sorting on unobserved characteristics on
both sides of the market, e.g. some unobserved preference of man ¢ for some unobserved

characteristics of woman j.
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B.2 Logit paradoxes

A second major assumption in the Choo and Siow model states that the distribution of the
unobserved heterogeneity terms ¢;, and 7,; are Gumbel-distributed random vectors, hence
appending a logit structure to the matching model in consideration. This brings familiar
features of the logit model, and in particular, the Independence of Irrelevant Alternatives

(ITA) axiom.

The literature on single-agent discrete choice models has long stressed the links between
the type I-EV specification and ITA. In his famous discussion of ( ), ( )
showed that given ITA, introducing irrelevant attributes would change choice probabilities.
Matching markets are two-sided by their very nature, and defining ITA is less straightforward
than in single-agent models—we propose several definitions and draw out their implications
in ( ). Still, it is not hard to construct illustrations similar to

Debreu’s example with the Choo and Siow model.

Let x and y consist of education, with two levels C' (college) and N (no college). Now
suppose that the analyst distinguishes two types of college graduates: those whose Com-
mencement fell on an even-numbered day C, and those for whom it was on an odd-numbered
day C,. Assume that this difference in fact is payoff-irrelevant: the joint surplus of any
match does not depend on whether the college graduates in it (if any) had Commencement
on an even day. We show in ( ) that adding the Commencement
distinction to the model changes equilibrium marriage patterns: it reduces the number of
singles, and it increases the number of matches between college graduates while reducing

the number of matches between non-graduates.

These are clearly unappealing properties: since the Commencement date is irrelevant
to all market participants, a more reasonable model would imply none of these changes.
We will propose in section 3.2.2 a new Random Scalar Coefficient model that would indeed

leave matching patterns and utilities unchanged.
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B.3 Additional comparative statics results

The results of Theorem 2 can be used to show that the comparative statics results of

( ) extend beyond the logit model to our generalized
framework, beyond those stated in subsection 2.3. Many of these results are collected
in ( ), but we recall some here for completeness. From the results

of Section 1.3, recall that W (®,r) is given by the dual expressions

P = 2P , , and B.
W (®,7) uénﬁ}(i)<%:”y y+E (1 7‘)) an (B.3)

Wie.r) = Usy 4 Vay =2y (Z "Gz (Usy) + ZmyHy (ny)> ; (B.4)
and that

ow ow ow

aTxy = //nya 87% = Gx (ny) = Ug, and ai'rny = Hy (ny) = 'Uy.

By the same logic as the one that obtained (2.7), the cross-derivative of YW with respect

to ny and @, yields
Optey o*wW Oy

= = B.5
Ong Ong 0Py 0Py (B-5)
which is proven (again in the case of the multinomial logit Choo and Siow model) in
( , section 3). The effect of an increase in the matching

surplus between groups x and y on the surplus of individual of group z’ equals the effect of
the mass of individuals of group z’ on the mass of matches between groups x and y. Let us
provide an interpretation for this result. Assume that groups  and y are men and women
with a PhD, and that 2’ are men with a college degree. Suppose that Opgy/Ong, < 0,
so that an increase in the mass of men with a college degree causes the mass of matches
between men and women with a PhD to decrease. This suggests that men with a college
degree or with a PhD are substitutes for women with a PhD. Hence, if there is an increase
in the matching surplus between men and women with a PhD, men with a college degree
will become less of a substitute for men with a PhD. Therefore their share of surplus will

decrease, and Jug /0P,y < 0.
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Finally, differentiating WV twice with respect to ®,, and ®,/,/ yields

aﬂ:cy *W _ 8Hx’y’

0Py 0Pyy0Pyry 0Dy

(B.6)

The interpretation is the following: if increasing the matching surplus between groups x and
y has a positive effect on marriages between groups z’ and v/, then increasing the matching
surplus between groups z’ and ¢ has a positive effect on marriages between groups z and y.
In that case marriages (x,y) and (2/,3’) are complements. We emphasize here that all the

comparative statics derived in this section hold in any model satisfying our assumptions.

B.4 Geometric interpretation of the estimation procedure

The approach to inference we describe in section 4.2 has a simple geometric interpretation.
In this appendix, we fix the distributions P, and a specification (gb];y)k:lK of the linear
model of surplus Qy; and we vary the parameter vector A. Now consider the set of moments

associated to all feasible matchings:

F = {(cl,...,cK) 1 CF = ey, pe M (ﬁ,m)}

Ty

This is a convex polyhedron, which we call the covariogram. It includes the observed
commoments C, as well as the vector of moments C* generated by the optimal matching
p> for any value of the parameter vector A. Each feasible matching p also has a generalized
entropy £(p); we denote £ = £(u?) the generalized entropy associated with parameter
vector A. Since the vectors ¢ are linearly independent, the mapping A — C™ is invertible
on the covariogram. Denote A(C) its inverse. The corresponding optimal matching has
generalized entropy &, (C') = EMY). The level sets of the function &, are isoentropy surfaces

in the covariogram.

Figure 6 illustrates these concepts. It assumes K = 2 basis functions, so that the covar-
iogram is a convex polyhedron in (C*, C?) plane. Since X also is two-dimensional, it can be
represented in polar coordinates. Let the data be generated by A = rexp(it). For r = 0, the

model is uninformative: matching is random and generalized entropy takes its maximum
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possible value £}, among all possible matchings. We denote Cj the corresponding mo-
ments. At the other extreme, the boundary dF of the covariogram corresponds to r = co.
There is no unobserved heterogeneity; generically over ¢, the moments generated by A must

belong to a finite set of vertices, so that A is only set-identified.

As r decreases for a given t, the corresponding moments follow a trajectory indicated
by the dashed line on Figure 6, from the boundary OF to the point Cy. The entropy £*
increases as this trajectory crosses contours of higher entropy (£’ then £” on the figure.)

We know from Theorem 3(ii) that the moment-matching estimator AMM g the vector
of multipliers of the program that maximizes entropy over the matchings that generate
the observed values of the moments. Therefore 9E,.(C)/0C* = 5\% M. and the moment-
matching estimator lies on the normal to the isoentropy contour that goes through the

observed moments C. This is shown as A on Figure 6.

C Explicit examples of random utility structure

C.1 The Generalized Extreme Value Framework

Consider a family of functions g, : R — R that (i) are positive homogeneous of degree
one; (ii) go to +oo whenever any of their arguments goes to +oo; (iii) are such that their
partial derivatives (outside of 0) at any order k have sign (—1)*; (iv) are such that the
functions defined by F (wy, ..., wy) = exp (—gz (e~ *°,...,e"*7)) are multivariate cumulative
distribution functions, associated to a distribution which we denote P,. Then introducing

utility shocks e, ~ P,, we have by a theorem of ( ):
Gulw) = B, mae {u, +5,) | =105 () 9 ()
yeJo
where v is the Euler constant v ~ 0.577.

If ZyEyO py =1, then G} (p) = (10g 9z (eww(p)) + ’y) _Zyeyo pywy, (p), where for x € &,

the vector w” (p) is a solution to the system of equations
py = (0log g /Ow) (") for y € N (C.2)
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The generalized entropy arising from the heterogeneity on the men side is
G* (1) = Y {nlog gy (W= /")) = 37 oy (1. /ne)} + C (C3)
zeX Y€V
where C' = v) 1 n,. Applying the envelope theorem, the derivative of this expression

with respect to pzy (7,y > 1) is —wy (Hz./nz). Therefore

Uy = wy, (Ka-/Nz) - (C4)

C.1.1 Example 1: The logit model of Choo and Siow

Claims of Section 3.1. With centered standard type I extreme value iid distributions
G(—,1), the function g, in (C.1) is gz(t) = exp(—7)(1+3_ ey ty)- The expected utility is
G3(Us.) =log(143_, ¢y exp(Usy)), and the maximum in the program that defines G7(p.,.)
is achieved by Uyy = log(iy|x/to|)- This yields

oy
Ho|z

= Ho|z 10g(1“0|x) + Z Hoy| log Hey|z

* K
Gx(u’kl:) = E Hy|z log Sule log [ 1+ E
Ho|z yey

yey yey

which gives equation (3.3). Equation (3.4) obtains by straightforward differentiation.

(This also follows from our formula for GEV: here (9log g,/0w?) (e*") = exp(w)/(1+

T

>_yey exp(wy)) in (C.2), which gives wy(p) = log(py/po)-)

We know from corollary 1 that the value of the social welfare is given by

12171;1 Z Nzply + Z myb, + S(a,b; ®,7) |,
zeX yey

where S(a, b; ®,7) is the maximum value of
E(ﬂ'a T') + Z ,U/:cy(q):cy — Az — by) - Z Hz0lz — ZNOyby'
z,y x Y
Easy calculations for the Choo and Siow model give
S(a,b;®,r) = F(a,b;®,r).
Taking first-order conditions gives the formulee for fiz0, ptoy, and fizy in the text.
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C.1.2 The nested logit model

For concreteness, we develop a very simple two-level nested logit model; generalizations are

immediate.

Example 3 (A two-level nested logit model). Suppose for instance that men of a given
group x are concerned about the social group of their partner and her education, so that
y = (s,e). We can allow for correlated preferences by modeling this as a nested logit in

which educations are nested within social groups. Let P, have cdf
F (w) = exp (— exp(—wp) — Z (Z exp(—wse/as)> >

This is a particular case of the Generalized Extreme Value (GEV) framework described
in (C.1), with g-(2) = 20+ _, <Ze z;égs>as. The numbers 1/os describe the correlation in

the surplus generated with partners of different education levels within social group s.

Identifying Utilities and Surplus. For simplicity, we center the type I extreme value
distributions. Consider a man of a group x (the x indices will be dropped for convenience,
so that for instance us denotes the mass of matches with women in social group s). By

(C.1), the expected utility of this man is

G(U.) = log (1 +) (Z eUse/°s> ) , (C.5)

hence, by (C.2), it follows that jise/po = (3, eVse/7s)7s~1eUse/os swhere g is again defined

in (3.1). Thus log(pus/mo) = oslog(d . exp(Use/0s)), and therefore Use = log(ps/ o) +
oslog(pse/ts). Now by (C.3) (applied to men of group x only)

Z tseUz se — log (1 + Z (Z eUse/as> >

= o log po + Z (1 - Js) s log pus + Z Tsfhse 10g fise.
s

s,e

G ()

As in Example 1, the expected utility is u = — log ug.
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xT

Z) and for women of

If the nested logit applies for men of group x with parameters (o
group y with parameters (7), we can write Uy e = 108(tz,s/pba,0) + 02 108(1ha,se/ 1ha,s) and
Vyser =108(1sr y/ 10,y) + T2 10g(1ts7er /115 ,y)- Adding up gives the formula for the surplus

from a match between a man of group z = (s, €’) and a woman of group y = (s, e):

o'§+‘r;’, 1-0® 177'3,
Hay Hz,s =~ gy

Kz oy

Note that we recover the results of Example 1 when all ¢ and 7 parameters equal 1; and

®,, = log

(C.6)

if there is only one possible social group s, s’, then we recover the heteroskedastic model of

(2017),

Maximum Likelihood Estimation. In this nested logit model, where the groups

Sz,€x
Sy

Sy,€y

of men and women are respectively (s;,e;) and (sy,e,), one can take o and oy’

as parameters. Assume that there are N, social categories and N, classes of education.
This gives us N2 x N2 equations, which leaves at most (N2 x N2 — 2N2 x N,) degrees
of freedom to parameterize the surplus function ®’ with a parameter vector #. Letting

A= (055’6”, ol Y, 9), p> solves the system of equations

x Yy Y
o5+, 1—o? 1-75

Ty Hzx,s ,U/Sl’y
(ng — Zy Hay)(My = D2 Hay)
and the log-likelihood can be deduced by (4.1).

@gyzlog , Vee X, ye )y

Using IPFP to compute the equilibrium. Now assume for simplicity that there is
only one social group, so the model boils down to a heteroskedastic logit model with scale
parameters ¢” and 7Y. Recall the equilibrium formula:

o - P
ox Ty Ox Ty Iy

= exp | —— ).
Hay = Hao— Hoy <aw + Ty)

At step (2k + 1), keep 1oy fixed and solve for p,0 such that

U:'IT az‘ryr q)
Ny = Wgo + ZM$O+ yluoer y <J—T_y7—> : (C?)
yeY x Y

and at step 2k + 2, keep piz0 fixed and solve for pg, such that

GxTyT/( O'l‘az‘r @
my = poy+ Y _HoyHey <%f7y> ' (C.8)
TE§
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Note that steps (C.7) and (C.8) only require inverting a continuous and increasing real
function of one variable, and are hence very cheap computationally. This idea can be
extended to the fully general nested logit at the cost of having to invert systems of equations

whose number of variables is the size N, of the nests.

C.1.3 The mixture of logits model

Our next example considers a more complex but richer specification. It approximates the
distribution of unobserved heterogeneities through a mixture of logits whose location, scale

and weights may depend on the observed group:

Example 4 (A mixture of logits). Assume P, is a mizture of i.i.d. centered type I extreme
value distributions of scale parameters of with weights 37 for k = 1,..., K. By linearity,
the ex-ante indirect utility of man of group x is the weighted sum of the corresponding ex-
ante indirect utilities computed in Example 1, that is G, (Uz.) = > 1 BEGyi (Uy.), where
Gak (Up) = oflog(1+ 3y €Vm/k)

K
Ge(Up) =Y Broflog |1+ eVl ] (C.9)
k=1 yey

By the results of Example 1, G%, (1) = o}, Zyeyo Ly 1OG [y .

It follows from standard results in conver analysis (see e.g. ( , sec-

tion 20)) that:

e the Legendre-Fenchel transform of a sum of functions is the infimum-convolution of

the transforms of the functions in the sum, so that

(it o+ f) )= inf  (ffY)+. + f0™));
p+..+pt=p

e The transform of x — Bf(x) is Bf* (%) if B is a positive scalar.

As a result,

K k k

. . Ho k.o Py

Gr(pz) = inf E o ,ulg log — + E 1, log == (C.10)
’ ¢ Vy€y072£<:1 NI;:Hy\z k=1 6/? yey Y Blf
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and Uy = Y4, oF log(puk /), where (k) is the minimizer in (C.10).

C.1.4 The FC-MNL Model

( ) introduced a flexible GEV specification which they called the
Flexible Coefficients-Multinomial Choice Model.

Example 5 (FC-MNL). The function g, takes the following form:

tl/o + tl/o‘

y /
g:l?(t) = Z by’y/ %

(y,y")eV?
where (by,) is a non-negative symmetric matriz, and the parameters satisfy the inequalities
O0<o<l,7>1,70 <1. We can set by, =1 for every y; and the b matriz could depend on

x. Note that we recover the standard multinomial logit model when b is the identity matriz.

We followed ( ) in making g, a 7-homogeneous function, rather

than 1-homogeneous. This is a harmless normalization. It gives

eXp(ny/J) + eXp(ny’/U)>TU + 7.

1
Gr(Us) = — | log > byy ( 5
(y,y")eV?
While this may look forbidding, it is easy to evaluate and it yields simple conditional

demands:

exp(Usy /o) + exp(Usy /o) 77
( )"

1
Hylz = ; exp(Uyy/0) Z by,y' 9

y'€Vo
It is apparent from the formulee that the “cross-price elasticities” (the dependence of Mg
on U,. are largely driven by the matrix b. In fact ( ) show that
for any fixed ¢ and 7, b can be chosen to replicate any given set of own- and cross-price

elasticities.
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C.2 A non-GEV Model: Random Scalar Coefficients

Claims of Section 3.2. From Proposition 2, G} (pt.|z) = — maxzem, Ex [((Y)e], where
7 has margins F; and pu(Y|x = x). Since the function (¢,{) — &( is supermodular, the
optimal matching must be positively assortative: larger €’s must be matched with y’s with
larger values of the index (,(y). For each z, the values of (,(y) are distinct and we let
Gy < -+ < ¢(yJ+1) denote the ordered values of distinct values of C(y) for y € Yy; the

value ((;) occurs with probability

Pr (Cx(Y) = C(k)’x> = Z Hy|z- (C.11)
Ce (¥)=C(x)

By positive assortative matching, there exists a sequence €y = infe < gy <... < gy} <
£(|y|+1) = sup € such that e matches with a y with (;(y) = () if and only if € € [g(4_1), g()]-

Since probability must be conserved, the sequence is constructed recursively by

Fo(eg) = Fe(eu-n) = D Mylo (C.12)

Ca (Y)=C)
giving F; (g(k)) = Zcz(y)SQk) Pyl As a result, Gi(p.g) = _Zlgkg\y\ﬂ C(x)€k, where
e = :((:_)1) ef (e)de = (F(E(k)) — F(e(k_l))) €, with éj defined as the conditional mean of

¢ in the interval [e(,_1),e()]; then neGh(p)e) = —ne 2 1<k<yl+1 k) ZCz(y):C(k) [yl =

Zy Hay€K (), With K(y) the value of k such that (;(y) = ((x). Therefore the entropy is
E== tay (G:()ealy) + &(@) fy()) (C.13)
zy

where €, (y) is the expected value of € on the interval [a,b], with a and b the real numbers

such that

F.(a) = Z fhz)p and Fy(b) = Z [z

2|¢e (2)<Ca () 2¢e (2)<Ca ()

and f,(z) is defined similarly on the other side of the market.

Note that even if e; has full support, the distribution P, won’t since its components
are perfectly correlated (or anti-correlated). This allows for “zero cells” fiz,, = 0, which

are often encountered in data. If in addition the distribution of &; is uniform, we obtain
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what we call the Random Uniform Scalar Coefficient Model (RUSC). This last model yields
simple closed-form expressions for interior solutions, even though it does not belong to the

Generalized Extreme Value (GEV) class.

D Computational Methods and Benchmarks

Section 5 described two classes of methods to compute the equilibrium matching patterns:
min-Emax, and IPFP. Min-Emax is more generally applicable than IPFP; on the other
hand, IPFP is much faster. To document these claims, we present in this appendix a
small simulation of the Choo and Siow model that explores the computational performance
of four different methods: a general-purpose equation solver, the min-Emax method, the

minimization of the function F of section 3.1, and IPFP.

In the second part of this appendix, we show how linear programming techniques can

be used to solve and estimate a model with discretized error distributions.

D.1 Benchmarks

We simulated ten cases, with a number of categories |X| = |Y| that goes from 100 to 5,000.
For each of these ten cases, we draw the n, and m, uniformly in {1,...,100}; and for each

(x,y) match we draw @, /2 from N(0, 1).

D.1.1 Minpack

We applied the solver Minpack to the system of (X|+ |)) equations that characterizes the
optimal matching (see section 5). Minpack is probably the most-used solver in scientific

applications; it underlies many statistical and numerical packages.
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D.1.2 Min-Emax

The min-Emax method we described in section 5 minimizes (G(U,n) + H(® — U, m)) over
the |X| x |)| object U = (Uyy). In the particular case of the Choo and Siow model, the

function G is given by

GU,n)= Z nglog [ 1+ Z exp(Usy)

zeX yey
and H has the same form.

We used the Knitro optimizer?® to obtain the solution.

D.1.3 Minimizing F

Formula (3.6) provides us with an alternative method that works on the smaller object

(uz,vy) of group expected utilities. Here again we used the Knitro optimizer.

D.1.4 IPFP

Finally and as shown in section 5, the IPFP iterations for the Choo and Siow model are
given by quadratic equations in only one unknown, the square root of the numbers of singles.
These equations are easily solved in closed form. The pseudo-code in Algorithm 1 gives a

detailed implementation.

Algorithm 1. Solving for the optimal matching by IPFP

Require: two non-negative vectors n and m (sizes M and N ); a matriz ® of size (M, N)
Require: a tolerance 7 and a mazrimum number of iterations I
Ensure: the matriz p of size (M, N) holds the marriage patterns at the optimal matching
X < size(n)
Y « size(m)

K + exp(®/2)

#5See ( ).
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6+ 00,10
T(—Oy

while § > 7 and i < I do

S+ KT > Project on m margins
t (\/m — S) /2

S+ K't > Project on ™ margins
T (VS +im-5) /2

61+ max [t> +t© KT — n| > Error on m margins
Sy« max |T? + T © K't — m| > Error on m margins

d + max(d1, 62)
t<=1+1
end while
if i > I then
Failed to achieve requested precision
else
p—Ko({teT) > ® denotes outer product and © element-wise product
end if

D.1.5 Results

For all four methods, we used C/C++ programs run on a single processor of a Mac desktop.
We set the convergence criterion for all methods as a relative estimated error of 1075, This
is not as straightforward as one would like: both Knitro and Minpack rescale the problem
before solving it, while we did not attempt to do it for IPFP. Still, varying the tolerance
within reasonable bounds hardly changes the results, which we present in Figure 7. Each
panel gives the distribution of CPU times for one of the four methods, in the form of a

Tukey box-and-whiskers graph?®.

26The box goes from the first to the third quartile; the horizontal bar is at the median; the lower (resp.
upper) whisker is at the first (resp. third) quartile minus (resp. plus) 1.5 times the interquartile range, and

the circles plot all points beyond that.
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There are three things to note about these graphs. First, distances on the z-axis are not
drawn to scale, except for the smaller number of categories; second the y-axis is logarithmic;
third, for some methods we only report results on the lower range of categories. The reasons
are obvious from the graphs. Minpack solving not scale up well. The min-Emax method
that minimizes (G(U)+ H(® —U)) is even worse: in this “logit” case, it is not competitive
beyond 100 categories as it minimizes in a high-dimensional space. On the other hand,
the min-Emax method that optimizes over u and v and the IPFP algorithm both perform

remarkably well, even with several thousands of categories.

Choo and Siow only used 60 categories in their application (ages from 16 to 75). For
such numbers, all four methods work well, but IPFP and min-Emax on (u,v) again clearly
dominate. We should emphasize that only the special structure of the Choo and Siow model
allowed us to reduce the dimensionality by minimizing over w and v. IPFP, on the other
hand, can be used in a broader class of models. While IPFP has more variability than
the other methods (perhaps because we did not rescale the problem beforehand), even the
slowest convergence times for each problem size are at least three times smaller than those
of Minpack. This is all the more remarkable that IPFP does not require any calculation of
derivatives; by comparison, we fed the code for the Jacobian of the system of equations into
Minpack. IPFP also compares very well with the min-Emax method on (u, v), even though

we fed the Jacobian and the Hessian into Knitro.

Finally, while we have run these experiments on a single processor, it is clear that IPFP
is much more amenable to parallel implementation than the optimization methods, since

each iteration solves |X| or || equations that are independent of each other.

D.2 An additional method: linear programming

Min-Emax and IPFP both exploit the structure of the separable matching problem. A more
“brute-force” alternative is to simply solve the underlying linear programming problem.
This requires discretizing the distribution of the error terms. We now explain how it can

be done, and we extend it to obtain the moment-based estimator in a semilinear model.
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Figure 7: Solving for the optimal matching
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D.2.1 Equilibrium via linear programming

Now suppose that the vectors € and 7, instead of having full support, only take a fi-
nite number of values: these are analogous to the unobserved “types” of many structural
econometric models. We define (55”“)3,63;07;6:1’“.,;@C to be the points of support of P, and
(r¥) their probabilities; and we define (%) and (s}) similarly. In this case, G(U,n) is
> » NeEp, max, (Uyy + €,), that is

Ky

Um) = Y e Y b (5 w0+ 25

reX k=1

Define u? = max (8, maxycy(Uyy + 55"3)), and vly = max (ngl,maxmex(ny + n%l)). By

construction,

I
ES
V

Fo> UwytelF Wy and ul > it (D.1)
ol > Vi, 4+ Y Vo oand U?ZJ anl. (D.2)

It follows from (1.14) that we minimize the objective function and given the constraint

Uzy + Viy > P4y, it is easy to see that the optimal matching solves

K Ly
o k, k 1,1
W(®,n,m) = min Ny ) Taly+ > My > S0,
u,v,U
rEX k=1 yey =1

subject to the constraints (D.1) and (D.2) with V,, = ®,, — U,,. Note that the objective
function and the constraints are linear in the variables. Therefore solving for equilibrium
with finite types boils down to a linear programming problem, for which very fast algorithms
are available (even with many variables). The multipliers of the constraints at the optimum
give the matching patterns for each type in each group, and can be averaged over types
to yield the pg;,. This idea can be taken further: any distributions P, and Q, can be
discretized. Solving the program above for a given finite-support approximation of the
distributions gives an approximation that can be shown to converge to the optimum for the
limit of the discrete distributions, by adapting an argument of

( , Theorem 3.1). Hence the approach described in this subsection is

applicable to any separable model.
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D.2.2 Computing the moment-matching estimator

The linear programming approach of D.2.1 can be extended in order to compute the
moment-matching estimator in the semilinear models of section 4.2. Equation (4.4) shows
that the moment-matching estimator minimizes miny (W(X &, 7) — N C’) over A\. This sug-
gests a general approach to the estimation of separable models with known distributions of
heterogeneity. First, specify a linear surplus function and distributions of unobservable het-
erogeneity P, and Q,. Second, discretize the latter distributions. Third, solve the following

linear program:

Kz Ly

: ~ k_k ~ 11 1 A
min E n o, + E m s.v, — NC
uw,v,U A v T Y vy
TEX k=1 yey =1

under the constraints (D.1) and (D.2), replacing V,, with X’ cixy — Uzy. The objective
and the constraints are still linear with respect to all variables, which now also include
A. Once again, this program can be solved efficiently by linear programming algorithms,
yielding both the moment-matching estimator and the corresponding expected utilities and

matching patterns.

A summary

Each computational method has pros and cons. The min-Emax method can be applied
quite generally. It requires many evaluations of G and H however, which may be costly for
large |X|,|Y|. Linear programming is attractive in semilinear models, at the price of dis-
cretization. IPFP requires no discretization, provides easy estimation of linear model, and is
highly scalable. It does require evaluating the extended entropy F, which is straightforward

in logit-type models.

E The application to Choo and Siow’s data

Our empirical application uses the data ( ) put together, with some

minor changes. We also put more emphasis on the treatment of those (z,y) cells that have
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zero observations.

E.1 The data

Choo and Siow used data from the Census to evaluate the numbers n and m of men and
women of every age in every state; and they relied on National Center for Health Statistics
data to estimate the number of marriages by state and by age cell. They were kind enough
to share with us their samples and programs; the description that follows is very similar to

that in their paper, and in fact quotes freely from it.

E.1.1 The populations

Data on the populations of men and women of every age and state were extracted from the
Integrated Public-Use Microdata Sample files of the U.S. Census (see
, ). Choo and Siow used data from the 1970 and 1980 U.S.

Census to construct population vectors:

The samples used were the 5 percent state samples for 1980 and the 1 percent
Form 1 and Form 2 samples for 1970. The 1970 data sets were appropriately
scaled to be comparable with the 1980 files?”.

]

We use the marst variable in the census to identify a person as either never
married, currently married, or previously married (divorced or widowed). To
calculate the number of available individuals, we simply add the never marrieds

and previously married.

2TState of residence in the 1970 census files can be identified only in the state samples (Form 1 and Form
2 samples, both of which are 1 percent samples). This is the reason that the other samples were not used for
1970 calculations. Further, the age of marriage variable is available only in Form 1 samples in 1970, which
meant that only one sample, the Form 1 state sample, was used for calculations involving married couples

in the 1970 Census.
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Choo and Siow kept all individuals aged 16 to 75. Since the number of first marriages
in which either partner is older than 40 is rather small in the 70s and 80s, we decided to
focus on the populations aged 16 to 40 instead. The “state” of an individal is defined as

his/her place of residence.

E.1.2 The marriages

Choo and Siow obtained data on marriages from the Vital Statistics reports that many

states send to the National Center for Health Statistics (NCHS):

Marriage records from the 1971/72 and 1981/82 Vital Statistics were used to
construct the bivariate distributions of marriages. A state has to report the
number of marriages to the National Center for Health Statistics to be in the

sample.
We deviated from their paper in two respects.

e To be consistent with our age window for populations in the basis year we only keep
marriages in which either partner is at most 41 (in the Census year+1) or 42 (in the
Census year+2). We corrected a small mistake in the construction of the data—CS
did not update the ages of the subjects between Census year+1 and Census year+2.

This does not affect their main conclusions.

e The list of states we include in our application is slightly different. They excluded
Iowa, Minnesota, and South Carolina which we do use since they reporteed to the
NCHS in both waves. Colorado only reported to the NCHS after 1980. Choo and
Siow excluded it from their study; we keep it in the 1980s wave. Choo and Siow also
excluded New York City from New York State. We eventually decided to exclude
both.

A “reform” state is one in which the Roe v. Wade Supreme Court decision affected the

legal status of abortion. Our list of reform states comprises Alaska, California, Delaware,
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Florida, Georgia, Hawaii, Kansas, Maryland, and (in the 1980s only) Colorado. Our non-
reform states are Alabama, Connecticut, Idaho, Illinois, Indiana, Iowa, Kentucky, Louisiana,
Maine, Massachusetts, Michigan, Mississippi, Missouri, Montana, Nebraska, New Hamp-
shire, New Jersey, Ohio, Pennsylvania, Rhode Island, South Dakota, Tennessee, Utah, Ver-
mont, West Virginia, Wyoming, and the District of Columbia. We exclude from our study
Arizona, Arkansas, Nevada, New Mexico, New York, North Dakota, Oklahoma, Texas,

Washington, and (in the 1970s) Colorado.

E.1.3 Merging availables and marriages

Table 1 describes our data on the populations of men and women. The numbers between
parenthesis refer to the population, the other numbers to the sample. With a total of 2.19m
observations representing 58.67m individuals, our universe of men and women is about 40%
smaller than Choo and Siow’s. This is a direct consequence of our focus on younger ages.
The reform states have 34.6% of the population in 1970 and 37.9% in 1980. The sample is

much larger in 1980, as the ACS dataset we use had a better sampling rate then.

Census 1970 1980 Increase in population
Men 81,260 (4.32m) 351,231 (7.20m) 66.7%
Reform states
Women 66,920 (3.63m) 308,808 (6.37m) 76.2%
Men | 150,887 (7.82m) | 566,460 (11.51m) 47.2%
Non-reform states
Women | 137,839 (7.16m) | 524,741 (10.68m) 49.2%
Men | 232,147 (12.14m) | 917,691 (18.71m) 54.2%
Total
Women | 204,759 (10.77m) | 833,549 (17.05m) 58.3%

Table 1: Numbers of men and women

Table 2 describes our subsample from the NCHS dataset. In this table (rt,N) for
instance refers to marriages in which the husband lists a reform state as his residence, and
the wife lists a non-reform state. In more than 95% of marriages, husband and wife list

a state with the same “reform status”. This is not surprising since a large majority of
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marriages in fact unite partners from the same state. As in Choo and Siow, the number
of marriages increased much more in reform states than in non-reform states; but also less

than the general population.

Wave 1971-72 1981-82 Increase in population
(r,R) | 138,483 (838,140) | 424,416 (1.00m) 19.4%
(r,N) 5,866 (38,518) 10, 383 (32,952) —14.5%
(n,R) 6,108 (33,440) 10,182 (24, 530) —26.6%
(n,N) | 216,428 (1.70m) | 506,953 (1.79m) 4.9%
Total | 366,885 (2.61m) | 951,934 (2.84m) 8.9%

Table 2: Numbers of marriages

Finally, Table 3 shows that the average age at marriage increased by two years, quite
uniformly across reform status and genders. As a consequence, the age difference also did

not change, with husbands two years older than their wives.

Wave 1971-72 | 1981-82 | Increase
Men 23.0 25.1 2.1
Reform states
Women 20.9 23.0 2.1
Men 22.7 24.7 2.0
Non-reform states
Women 20.6 22.6 2.0

Table 3: Ages at marriage

E.2 Zero cells

Like much discrete-valued economic data, the Choo and Siow data contains a small but

non-negligible percentage of (x,y) cells with no observed match—up to 3%, depending on
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the subsample?®. The CS specification by construction rules out zero probability cells,
and ( , footnote 15, p. 186) used kernel smoothers to impute positive
probabilities in these “zero cells”. More generally, no separable model with full support can

simulate zero cells (see our discussion of Assumption 2).

This is not an issue with unrestricted estimation, since we only need to assign a value
of —oo to the corresponding ®,,. With parametric inference, maintaining Assumption 2
implies that the model is misspecified. This is a minor consideration in practice, as the
estimated probabilities of these cells turn out to be very small. A cleaner alternative is to
specify error distributions P, and Q, that do not have full support, either because their
supports have lower dimension (as with the RSC models of section 3.2.2) and/or because
their supports are bounded. Such models may generate numerical and statistical difficulties,
however. There exist simple separable models that yield well-behaved matching patterns
while still accommodating zero cells. It is easy to see for instance that any RSC model
whose error terms ¢; and 7; have a bounded support and densities that vanish at the

bounds generates a continuously differentiable p(A).

F Detailed Estimation Results

F.1 Selecting the Basis Functions

All specifications we use in our model selection are semilinear versions of the original
( ) specification, which we will call “the homoskedastic logit model”. They all

include the two basis functions ¢}, = 1 and gbiy = D,y = 1(z > y), where z is the age of

Ty —

the husband and y that of the wife—both linearly transformed to be in [-1,1]. The D term
accounts for possible jumps or kinks in surplus when the wife is older than the husband
(D =0).

We estimate a set of models (M, N, Mp, Np) defined as follows: in addition to D and

28Trade is another area where matching methods have become popular in recent years (see

, ); and trade data also has typically many zero cells.
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to the constant, they also include all terms Y™ for 1 < m < M and 1 < n < N, with
interactions with the D age difference dummy for degrees less than 1 < Mp < M and
1 < Np < N. Such a model has (M +1)(N + 1) 4+ (Mp + 1)(Np + 1) basis functions. The
nonparametric model (NP in what follows) has as many as there are matching cells, that is

(40 — 16)? = 625.

We take M = N = 6, which gives us (6 — 1)* = 625 parametric models. The least
complex has two basis functions (1 and D) and the richest one has 98. We estimate them
with the moment matching method described in 4.2, which is much faster than maximum
likelihood. After a model estimation has converged, we compute its log-likelihood and the

values of the Akaike and Bayesian Information Criteria (AIC and BIC.)

Figure 1 in the text shows the values of the AIC (on the horizontal axis) and of the
BIC (on the vertical axis) for the 625 models, and for the nonparametric model NP. The
location of NP shows that even for our sample of a couple hundred thousand observations,
it is severely overparameterized: no fewer than 490 of our 625 models have a better AIC,
and all of them have a better BIC. The best models are (M, N, Mp,Np) = (6,5,2,5) by
AIC standards, and (M, N, Mp, Np) = (2,4,2,4) with BIC.

The best AIC model is still large: it has 60 coefficients, of which 49 are significant at 5%.
With such a large sample, we could probably have included even higher-degree terms and
improved the AIC slightly. While the AIC criterion subtracts the number of parameters
from the log-likelihood, the BIC criterion penalizes it by half of the logarithm of the number
of observations. With our 224,068 observations, this rewards parsimony 6.2 times more. As
a result, the BIC-selected model only has 30 coefficients, of which 28 are significant at 5%.
For model selection (as opposed to forecasting), BIC is more appropriate than AIC and we

will work with its 30 selected basis functions from now on: all terms x™y" and zy"™D for

1<m<2and1<n<4.
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F.2 The Homoskedastic Choo and Siow Model

Table 4 gives the estimated coefficients and their bootstrapped standard errors and Students

for the BIC-preferred modelin this class.

F.2.1 Heteroskedastic Logit Models

We explored several ways of adding heteroskedasticity to the benchmark model. It is clear
from 1.2 that the parameters can only be identified up to a scale normalization: multiplying
both ® and the error terms € and 1 by the same positive number has no effect on the
equilibrium matching. The ( ) model normalizes the scale (twice) by
using standard type I EV errors for both € and 7. When adding heteroskedasticity to e

and 71, we need to maintain one normalization.

Our simplest heteroskedastic model still uses a standard type I EV e (our scale normal-

ization) and adds only one parameter 7, with

v
SIL)
This model allows for heteroskedasticity across genders, but not across types. Somewhat
surprisingly, the profiled loglikelihood of the model is very flat with respect to 7. While
we did obtain an estimate of 0.927 that is slightly lower than one, the improvement in the

loglikelihood is so small that the values of both AIC and BIC deteriorate.

Going further, we allow for type- and gender-dependent heteroskedasticity??. To do
this, we multiply the terms e;. (resp. 1;.) by scale factors o, (resp. 7,). We experimented

with specifications of the form

o = exp(o1z + ... + opal)

Ty = exp(1o + 11y + ... + 7y?)

Note that we do not allow for a constant term og; this gives us the requisite scale normal-

ization.

2 ( ) attempted to estimate a similar model, with education as the type.
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Of all such specifications for 0 < p < 4 and 1 < ¢ < 4, This specification yields a
noticeable improvement in the fit: +38.5 points of loglikelihood, and +25.2 points on BIC.

The estimates of the parameters of o, and 7, can be found in Table 5.

F.2.2 Two-level, Two-nest Nested Logit

We estimated a two-level nested logit model in which we separate the singlehood option
from all others. This model has two nests: one corresponding to singlehood, and one to the
25 possible ages of the partner. It introduces two additional parameters, 7, on the men

side and ~,, for women. The familiar equation from ( )

210g pizy = log pzo + log poy + Pay

becomes

Moy
ZZGX Hzy

‘within-nest correlations”; they

Ztey Mt ZzeX Hzy Ztey Hxt

The values of (1 —7,,) and (1 — 7,) can be interpreted as

= log + log + Dpy.

equal zero in the ( ) model.

We chose this specific nested logit model because we showed in
( ) that it satisfies a “weak IIA” property—and we conjectured that it is the only separa-
ble model that does. When we tried to estimate this two-nest specification, we consistently
found a corner maximum at 7, = 1. The other parameter v,, has a weak maximum at 0.91,

and the loglikelihood barely improves.

F.2.3 FC-MNL

( ) show that for any admissible values of o and 7, there exist values
of the b matrix that rationalize a given set of elasticities of substitution. We followed their
suggestion of using ¢ = 0.5 and 7 = 1.1; and we chose the very parsimonious specifica-
tion of the b matrix described in section 6.4. The maximum likelihood estimates for the

distributional parameters®® are in Table 6.

39Given the small gain in the loglikelihood, the standard errors are large.
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F.3 Random Scalar Coefficient Models

We dedicated a lot of effort to several variants of the RSC model. Unfortunately, we were
unable to successfully fit any of them. We found it quite difficult to guess good initial values
for the parameters of the scale factors (;(y) and &,(x). While it usually is tempting to start
with reasonable constant values for heteroskedasticity factors, it cannot be done here since
the model is only well-defined when (, varies with y and , varies with z. In addition,
some simulated matching patterns become zero when the inequalities that define them are
incompatible, even with full support error distributions. This makes the optimization hard

to manage.
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Estimates Standard Errors Students

1 -11.163 0.023 -490.9

D 1.147 0.066 17.3

X -14.759 0.336 -44.0

XD 5.204 0.134 38.7
X2 -13.211 0.208 -63.4
X2D 5.656 0.104 54.2
Y -1.220 0.066 -18.4

YD 4.757 0.127 37.5
& -2.064 0.041 -50.7
Y?2D 5.950 0.118 50.5
& 1.097 0.054 20.4
Y3D 1.659 0.029 57.4
Y4 -0.563 0.033 -17.0
YD -0.637 0.018 -35.5
XY 26.379 0.403 65.4
XYD -16.697 0.336 -49.7
Xy? -16.956 0.455 -37.3
XY?2D 10.238 0.298 34.3
Xys 6.206 0.336 18.4
XY3D -3.936 0.227 -17.3
Xyt -0.997 0.144 -6.9
XY*D 0.881 0.092 9.6
X2y 12.940 0.276 46.9
X?2YD -11.549 0.226 -51.1
X2y? -5.636 0.303 -18.6
X2Y?D 4.938 0.229 21.5
X2y3 1.131 0.196 5.8
X%Y3D -1.053 0.137 7.7
X2y 0.085 0.060 1.4
X2Y*D -0.072 0.050 -1.4

Table 4: Estimates for the Homoskedastic Logit Model
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Estimates Standard Errors Students
o1 0.793 0.051 15.4
To -0.751 0.161 -4.7

Table 5: Estimates for the Heteroskedastic Logit Model: Distributional Parameters

Estimates
b, (16) 0.011
b, (40) 0.000
b, (16) 0.060
by, (40) 0.000

Table 6: Estimates for the FC-MNL Model: Distributional Parameters
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