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Abstract

We study a Bayesian Persuasion game with multiple senders employing condi-
tionally independent experiments. Senders have zero-sum preferences over what
information is revealed. We characterize when any pair of states can be pooled
in equilibrium and, as a consequence, when the state is (fully) revealed in every
equilibrium. The state must be fully revealed in every equilibrium if and only if
sender utility functions are sufficiently nonlinear. In the binary-state case, the state
is fully revealed in every equilibrium if and only if some sender has nontrivial pref-
erences. Our main takeaways are that ‘most’ zero-sum sender preferences result in

full revelation.
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1 Introduction

A key question in the economics of persuasion is the effect of competition on information
provision. This question is of interest in many contexts in which agents with opposing
interests control the information available to one or many decision makers. For instance,
a jury or judge’s decision to acquit or convict a defendant is informed by the evidence
collected by defense and prosecution attorneys. Competing firms design advertisements
in order to convince a consumer to buy their products. In order to persuade voters,
politicians may hire experts to provide information which might validate their platforms
and not their opponents’. In all these settings, the information providers (senders) are
competing to influence the decision maker(s). How does this competition affect what

information they reveal?

While it has been shown that information disclosure increases with competition in
some settings (Battaglini (2002); Milgrom and Roberts (1986); Shin (1998)), in others
competition has the opposite effect (Emons and Fluet (2019); Kartik et al. (2017)). In
this paper we address the question by modelling two or more senders persuading one or
more receiver(s) about an unknown state. The senders influence the receiver’s beliefs
by disclosing information in the manner of Bayesiyan Persuasion. Unlike existing work,
our senders simultaneously choose conditionally independent experiments; the receiver
observes these experiments and their realizations and updates her belief. To fix ideas,
consider competing lobbyists commissioning reports to persuade a politician (or entire
legislature) to vote yes/no on a climate change bill.! Here the state may be whether
or not climate change is a significant threat. The politician would only like the bill to
pass if it is while environmental lobbyists support the bill and corporate lobbyists oppose
it regardless of the state. The lobbyists can commission reports from climate change
experts of their choice; these reports reveal information about the state and influence the

politician’s belief and hence decision.

To capture the disagreement between the senders in the examples above, we consider
a model in which senders are maximally-competitive —the senders’ payoffs are zero-sum
functions of the receiver’s posterior belief. This assumption is natural, for instance, in the
lobbying example. Lobbyists may only care about the probability the bill passes/fails;
these probabilities sum of one (zero is just a normalization —any constant-sum payoffs
will do) and may depend on the politician’s poterior belief. Our question is: how does

competition affect how much information is revealed in equilibrium and how does this

le.g. a bill which would mandate use of alternative energy sources.



change with the number of senders?

There is always an equilibrium of this game in which all senders fully reveal the state.
Our main result is that typically the state is fully revealed in every equilibrium. We find
that —under mild technical assumptions —when sender utility functions are sufficiently
nonlinear (in particular are nonlinear on every edge of the simplex) then regardless of the
number of senders the state is fully revealed in every equilibrium.? If utility functions
are sufficiently linear, a knife-edge case, there are equilibria in which the receiver does
not always learn the state. Two implications are worth mentioning. In the binary-state
case, the state is fully revealed in every equilibrium if and only if all senders are not
indifferent across all strategy profiles. If the receiver chooses from a finite set of actions,
then generically the receiver learns enough to take her first-best action; furthermore, the
state is fully revealed in every equilibrium if and only if the receiver prefers a different

action in every state.

The intuition for our results can be seen from the two-sender binary-state case. The
first observation is that, as a sender is always free to fully reveal the state and the game
is zero-sum, each sender must do exactly as well in any equilibrium as she would from full
revelation. When utility functions are nonlinear, there are some posteriors at which one
sender has an advantage’” and one has a 'disadvantage’ in the following sense. Conditional
on such a posterior belief, the sender with an advantage is getting a higher payoff than she
would from fully revealing the state while the sender with a disadvantage would rather
the state be revealed. Loosely, each sender will try and maximize the probability that
the receiver’s posterior lies in her regions of advantage. While no sender has unilateral
control over the receiver’s posterior, a sender can affect the posterior conditional on her
opponent’s signal realization not being fully revealing. We show that if the state is not
being fully revealed, at least one sender can use extreme signals® to force some posteriors
into regions she has an advantage. She can do this in a way that gives her higher utility

than she would get from full revelation, which means this cannot be an equilibrium.

This idea extends to arbitrary finite state spaces and more than two senders. Given
choices of experiments for each sender, we say that a set of states is not pooled if the
receiver never assigns positive probability to all of them. If a set of states is not pooled,
the receiver will always be able to distinguish between (at least) some of these states. We

show that a subset of states is not pooled in every equilibrium if and only if conditional

2The every quanitifier implies, by standard upper hemicontinuity arguments, that if the conditions
for full revelation are met for some zero-sum utilities, then for utilities close to those all equilibria are

almost fully revealing.
3Signals that induce posteriors in favor of one state close to fully revealing that state.



on the receiver learning the state is in this subset, some sender has strict preferences
over what further information to reveal. For instance, a pair of states is not pooled in
all equilibria if any only if some sender’s utility is nonlinear on the edge of the simplex
between those two states.* It follows that nonlinearity on every edge is necessary and

sufficient for full revelation in every equilibrium.

An implication of our main result is that competition of a zero-sum form cannot
decrease, in the sense of Blackwell (1953), the information provided in equilibrium.® One
contribution of this paper is to identify a natural and applicable environment —zero-sum
preferences and conditionally independent experiments —for which this is the case. In
our setting the effect of competition is stark —typically it generates full information.
We show our results do not rely on conditional independence; in particular, if senders
have access to additional experiments (i.e. senders are able to correlate their experiments
partially or arbitrarily), they still hold. Our analysis hence generalizes, up to a tech-
nical assumption, the zero-sum game results of Gentzkow and Kamenica (2017b), who
consider a similar model in which senders are able to arbitrarily correlate experiments
(see discussion below). However, when senders have access to only a very limited set
of conditionally independent experiments, our results fail and zero-sum competition can
lead to a decrease in equilibrium information. We explore what technology /strategies are
needed for zero-sum competition to not decrease information and identify simple classes
of experiments for which this is the case. For instance, if each sender only has access
to a single base experiment (satisfying a mild technical condition) but can repeat it as
many times as desired, then a version of our results still holds. This example maps on
to applications in which senders commission scientific studies and can choose only the

sample size or number of clinical trials used in the studies.

Finally, we consider a few variants of our model. When senders begin the game
with bounded private information® there is full revelation in all equilibria but for in a
knife-edge case of sender preferences. This setting is applicable, for instance, to the
prosecutor/defense attorney example in which the defense lawyer may hold private in-
formation on her client’s guilt/innocence. We show that there is full revelation in all
equilibria for a larger set of sender preferences in our baseline model than in a version of
the game where senders move sequentially; we relate this version of the game to the se-
quential Bayesian Persuasion games of Li and Norman (2018b), Li and Norman (2018a),

Wu (2017), and Dworczak and Pavan (2020). Finally, we apply our analysis to a few

4i.e. the line joining degenerate beliefs on the two states.
5In other words, if a set of senders did not have zero-sum preferences and we added a sender to make

the game zero-sum, then equilibrium information will not decrease.

bi.e. senders’ private beliefs are bounded away from the boundaries of the simplex.
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extensions of our model which deviate from our zero-sum assumption and are applicable

to real-world settings.

The rest of the paper is organized as follows. We discuss related literature in the
remainder of Section 1. In Section 2 we introduce our model and in Section 3 we solve the
special case of two senders and a binary state space. In Section 4 we extend the intuition
from Section 3 to the general model to obtain our main results. Section 5 considers two
applications of our model, one with a single receiver and one with multiple receivers. In
Section 6 we discuss to what extent our results are robust to our two most substantive as-
sumptions: zero-sum preferences and conditionally independent experiments. We consider
two extensions of the model in Section 7 and conclude in Section 8. Appendix A contains
proofs of all the main results and Supplementary Appendix B contains discussions and

proofs of extensions and robustness results.

Related Literature. The effect of competition on information has been studied in
environments of cheap talk (e.g. Krishna and Morgan (2001), Battaglini (2002)), costly
signalling (e.g. Kartik et al. (2020)), disclosure (e.g. Milgrom and Roberts (1986) and,
more recently, Bayesian Persuasion (e.g. Gentzkow and Kamenica (2017a), Gentzkow
and Kamenica (2017b)). Gentzkow and Kamenica (2017a) and Gentzkow and Kamenica
(2017b) (henceforth GK) show that when senders have access to a sufficiently rich (Black-
well connected) set of experiments, competition (weakly) increases equilibrium informa-
tion. Under Blackwell connectedness, GK (2017) obtain a full relevation result for zero-
sum games very similar to ours. Blackwell connectedness requires that senders are able to
arbitrarily correlate their experiments; in contrast we study the case of conditional inde-
pendence —a common assumption in information economics and an important benchmark
for many applications. We discuss the relationship between our paper and GK (2017) in

Section 6.

Boleslavsky and Cotton (2018) and Au and Kawai (2020) study two senders per-
suading a receiver. However their setups are substantially different from ours because
each sender can only reveal information about part of the state (her own type); as a
consequence, they find unique non-fully revealing equilibria. Li and Norman (2018b), Li
and Norman (2018a), and Wu (2017) consider Bayesian Persuasion with multiple senders
moving sequentially. Finally, in a concurrent paper, Dworczak and Pavan (2020) (hence-
forth DP) study a single persuader who is uncertain about what additional information
nature may give the receiver and chooses an experiment to maximize her worst-case pay-
off. This setting is related to competition between two senders in our model (our case

of more than two senders is less related). While their baseline model allows nature to



arbitrarily correlate her experiment with the persuader’s, they address the case of condi-
tionally independent experiments in a supplementary appendix and obtain results related
to ours. However, due to differences between the models, our results concerning the total

information revealed in equilibrium are stronger. See Section 4.4 for discussion.

2 Model

There is a state w € Q = {1, ..., N}. All agents have a common prior belief on w with full

support m € intA(€2). There are M > 1 senders, 1,..., M, who persuade a receiver.”

Fix a set of signals S with |S| > N. The game starts with each sender i simultane-
ously choosing a set S; C S, |S;| < oo and an experiment II; : Q@ — A(S;). Each II; gives
the probability of the receiver receiving each signal in S; conditional on each state. As
|S;| < oo, senders may only choose finite signal experiments. Implicit in this definition
of experiments is that senders’ experiments are independent conditional on the state. We

discuss these assumptions below.

The receiver observes the choices of Iy, ..., 11, (and implicitly Sy, ..., Sy). Then,
the state is realized (but not observed by the receiver) and signals from each of the M
experiments, s; € S, ..., sy € Sy, are realized and observed by the receiver. The receiver
is Bayesian and updates his belief on w to some posterior § € A(2). Senders receive their

payoffs and the game ends.

Senders’ payoffs depend only on the receiver’s posterior belief 8. Each sender i has a
piecewise analytic utility function u; : A(Q) — R.® Crucially, we assume senders’ payoffs
are zero-sum: ui(8) + ... + up(8) = 0 for all § € A(Q).2!% For any state [ = 1,..., N let
0 € A(Q) represent the belief that puts probability 1 on state . Due to the structure of
the game, we can make the following normalization: u;(d;) = 0 for all senders i = 1, ..., M
and all states [ = 1,..., N (see explanation for this normalization below after reading the

definitions in the next paragraph).

"As we do not explicity model the receiver acting, the model allows for any number of receivers. We

discuss the receiver(s) in more detail and explicitly model them in Sections 4 and 5.
8That is, each u; is defined by a finite partition of A(£2) into convex sets and a real analytic function

for each element of the partition. Note this restriction is not necessary; see Section 4.3 for discussion.
9Zero is just a normalization; any constant-sum game will do.
10This could represent the reduced form of a game where the receiver chooses an action a € A after

observing experiment realizations. The receiver has preferences u,(a,w) and the senders may also have

state dependent preferences {u;(a,w)}; which are zero-sum: ), u;(a,w) =0 for all a € A,w € Q.



A strategy profile is a choice of experiment for each sender (I1y, ..., II5). Let U;(I1y, ..., II5)

Em, ..., [ui(8)] be sender i’s ex-ante expected utility from (IIy, ..., II5/); the expectation
is over experiment realizations, of which J is a function. Senders choose experiments to

maximize their ex-ante expected utility.

Normalizing u;(§;) = 0. To see why this is a normalization, suppose senders
have utility functions u}, ..., u}, with «}(8) + ... + v}, () = 0 for all 5. Fori=1,.., M let
a; : A(2) — R be the affine function o, (8) = — ), fiui(6;). For each ¢, let u; : A(Q) = R
as u; = u, + ;. Then u;(6;) = 0 for all I = 1,..., N. Note that utility function u; preserves
the same preferences over strategy profiles as w; as for any strategy profile (Ily, ..., II/),
Em,,. iy wi(8)] = En, .y, [wi(8)] — >, mui(6;) and the latter term is a constant. Finally
note that ai(8) + ... + ayn(B) = 0 for all 5 € A(R), so uy + .... + upy = 0. While the

normalization n nders’ preferen ver receiver rior, preferen ver
ormalization changes senders’ preferences over the receiver’s posterior, preferences ove

strategy profiles are unchanged and these are what is relevant for equilibrium analysis.

Discussion of Strategies. There are a few aspects of senders’ strategies that are
worth discussing. First, we restrict senders to picking conditionally independent exper-
iments. In the lobbyist example, this corresponds to the reports lobbyists commission
being independently commissioned, researched, and written. The conditionally indepen-
dent case is a natural for many applications and an important benchmark to consider. It
contrasts with environments with richer strategies in which senders are able to correlate
their experiments’ realizations. For instance, Gentzkow and Kamenica (2017b) study a
‘Blackwell connected’ environment in which senders can arbitrarily correlate experiments;
our setting is not Blackwell connected. In Section 6 we allow our senders to play correlated

experiments in addition to conditionally independent ones.

Second, while we restrict attention to finite signal experiments,'! this is for conve-
nience and we show in Supplementary Appendix B that our main results go through when
the assumption is dropped.'? As we allow for S to be infinite, our baseline model allows
for the possibility of senders choosing experiments with arbitrary numbers of finite sig-

nals. As is common in Bayesian Persuasion work, it is important for our arguments that
|S| > N.13

HRestricting attention to finite signal experiments is commonly done in the Bayesian Persuasion liter-

ature (e.g. Kamenica and Gentzkow (2011), Gentzkow and Kamenica (2017Db)).
12Note all equilibria with the finite signal restriction are equilibria without it.
I3t is well known that a single persuader has such a Bayesian Persuasion solution using at most N

signals; hence in our game senders will always have such a best response. Note that restricting the
cardinality of S is not without loss in multi-sender settings as there may be equilibria in which senders

use arbitrarily large sets of signals.



A special case. It is worth noting that simple and important class of games fits
our assumptions. Suppose there is a single receiver who maximizes her utility given
her posterior belief 5 by taking one of two actions ai,as. Suppose senders have state
independent preferences over the action the receiver takes; these payoffs need not be
zero-sum. This setup is natural for many applications we are interested in: lobbyists
persuading a politician to vote yes/no on a bill, attorneys persuading a judge/jury to
acquit /convict a defendant, or two politicians competing for a single voter’s vote. In such
games, as long as at least two senders prefer different actions, we can normalize sender
payoffs to make the game zero-sum. To see this, suppose sender ¢ prefers action a; then
when comparing two strategy profiles, ¢ prefers the one that induces the receiver take
a; more often. Hence normalizing sender payoffs to be zero-sum will not affect sender

preferences as long as ordinal preferences over actions are preserved.

Interim Beliefs. Instead of thinking of sender ¢ picking II;, it is easier to think of ¢
choosing a distribution over the receiver’s interim beliefs. For any ¢ and choice of I1;, let
I'; € A(Q2) be the random variable representing the receiver’s belief on w if she observes
only the realization of II;, s; € S. T'; represents the interim belief of the receiver after
she observes information from II; but before viewing the realizations from {II;};,; and

updating to her posterior belief.'*

A random variable I' is Bayes-plausible if E[I'] = 7. Following Kamenica and
Gentzkow (2011), it is without loss for us to recast the choice of experiment of each sender
1 as a selection of a Bayes-plausible distribution of the interim beliefs, I';, the experiment
induces. As we have restricted senders to picking finite signal experiments which employ
at most | S| signals, a pure strategy for sender i is a selection of a Bayes-plausible I'; with
support on a finite number of beliefs that is at most |S|.'> Henceforth, when we use T;
it implicit that this random variable is Bayes-plausible and has finite a support with at
most |S| elements. A strategy profile is a vector (I'y,...,['j/). Fixing any strategy profile

and sender ¢, let I'_; denote the experiment induced by observing realizations {I';};.;.

There are two benchmark experiments to consider. We say I'; is fully revealing, or
[; = TFR if Pr(T; = §;) = m VI € Q. If any sender chooses a fully revealing experiment the
receiver learns the state with certainty. The second benchmark is the fully uniformative

experiment which we denote I'V; I'; = T'V if Pr(['; = ) = 1.

Equilibrium. The solution concept is Nash Equilibrium; a Nash Equilibrium of

this game is a vector of random variables (I',...,'5;) such that no sender i can strictly

14 As the receiver is Bayesian, the order in which she views signal realizations does not matter.
5Note that any finite mixture of pure strategies is also a pure strategy.



improve her ex-ante expected utility, U;(I'y, ...,'ys), by deviating.

There is a trivial NE of this game: (['F%, ... TFH). All senders are left indifferent
across all experiment choices as the state will be fully revealed by other senders’ ex-
periments regardless. Our results characterize when the state is fully revealed in every

equilibrium.

3 Two senders and a binary state space

First we derive the main results for the two-sender binary-state case. The intuition will

extend to the general case.

0.6
beta

Figure 1: Example of u; (blue) and uy (red). ui(8) = B for § < 0.6 and u;(8) = 1 — 8 for
B > 0.6. Sender 1’s preferences are those in Kamenica and Gentzkow (2011)’s leading prosecutor

persuading a judge example with discontinuity at 0.6 and normalization u;(0) = u1(1) = 0.

Let Q = {0,1}. A belief here is a scalar representing the probability the state is
w = 1. Figure 1 shows an example of sender preferences. A sender i’s strategy is a

choice of interim belief random variable T'; € [0, 1]. Note that for any I'y;,T's chosen, the



receiver’s posterior belief can be written as a function of the interim beliefs realized from

both experiments. If I'y = x and 'y = y, then the posterior is:

Bla,y) = — L") 0

Y — T —TY + T

Note that 5(1,y) = B(x,1) = 1 and B(0,y) = B(z,0) = 0; if either interim belief
fully reveals the state, the other is irrelevant. Note (0, 1) and 3(1,0) are not well defined
but this is not an issue as it is impossible for one sender to fully reveal w = 0 while the

other reveals w = 1.

For either sender i, given any strategy I';, consider the distribution of I'; conditional
onl'; =z (j #1): Pr(I'; = y|I'; = x). Pr(I'; = y|I'; = z) can be constructed by taking
the signal structure II; that corresponds to I'; and deriving the distribution over interim

beliefs it induces if z and not 7 was the receiver’s prior.'6

Given an opponent choice of I';, define W;(x) as sender i’s expected payoff conditional

on generating I'; = x. For a fixed I'y Wi (x) is written:

Wi(z)= > w(B(z,y)Pr(ly =y|l) = ) (2)
y€supp[l'2]

Note that Wi(1) = W5(0) = Wi(0) = Wh(l) = 0; if either players’ experiment
generates a fully revealing interim belief then the other experiment is irrelevant. Two
special cases are important. When I’y = T''? then, regardless of u; or the prior, Wi(z) = 0
for all . This is because ['s will reveal the state to be 0 or 1; any interim belief sender
1 produces can only affect the relative probability of these events, both of which yield
u; = 0. Meanwhile, when 'y = TV, then Wi(z) = u;(z) as z will be the receiver’s

posterior.

3.1 Analysis

The result below will be useful.

Lemma 1. In any equilibrium (T'1,Ts):

(1) Uy(T1,T) = Us(Ty,T) = 0.

W6 Formally Pr(T; = y|T; = ) = Z20=Y (0 — 7o — 1y + 7
J w(1—m)
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(2) Wi(z) <0 and Wy(x) <0 for all x € [0, 1].

Property (1) follows from the game being zero-sum and the observation that each
sender ¢ can guarantee a payoff U; = 0 by fully revealing the state. While property (1)
says that sender equilibrium payoffs equal those from full revelation, it does not say that
we must have full revelation in equilibrium: for instance if the u; and uy are linear, any

(I'1,T'2) constitute an equilibrium.

Property (2) holds because any violation leads to a contradiction of (1). Fix any I';
such that sender ¢ # j has W;(x) > 0 for some z. We can find a I'; with support only on
{z,0,1}; as i gets strictly positive expected utility whenever z is realized and 0 otherwise,
U;(I';,I';) > 0. Hence such I'; cannot be played in equilibrium. Figure 2 shows how to

construct such a I'; in our main example when I'y = I'V and hence Wi1(0.7) > 0.

w1

pi=0.5 0.7
X

Figure 2: The blue curve is Wi(z) when I'; = TV. Sender 1 can construct I'; with support
{0,0.7} with Pr(I'; = 0) and Pr(I'y = 0.7) chosen to respect Bayes-plausibility. Uy (I'1,T'2) =
w > 0.

More generally, when W;(x) > 0 we can construct an appropriate I'; as follows. (1)
If z < 7 define T; by Pr(T; = 1) = =% and Pr([; = x) = =2, (2) if z > 7 then let

-z 1—x?

Pr(l; = 0) = =% and Pr(I; = 2) = I, and (3) if # = 7 let T; = I'V. Note that in

11



each case |supp[l';]| < 2 and hence I'; can always be implemented under the assumption
|S| > N = 2.

The main result for the two-sender binary-state case relies on Lemma 1. We show
that if utility functions are nonlinear, then in equilibrium at least one sender ¢ must choose

[; =TFE or else W;(z) will violate property (2).

Proposition 1. The state is fully revealed in every equilibrium if and only if uy is non-

linear.

The ‘only if” direction is trivial —if u; is linear then senders are indifferent between

all strategy profiles. Hence the result can be restated as:

There is full relevation in every equilibrium

<~ H(Fl, Fg), (Fll, FIZ) and a sender ¢ with Ui(Fl, Fg) # UZ(Fll, FI2)

In the rest of this section we prove the ‘if” direction: u; nonlinear = full revelation

in every equilibrium.

The idea can be seen using the example in Figure 1 with any prior. Note that for
all € [0.6,1), u1(8) > 0 for all g € [r,1); fix any such r. Suppose for contradiction
that sender 2 plays a non-fully revealing strategy I'; in some equilibrium. As I'y # 'R,
Pr(0 < T'y < 1) > 0; let y = min supp[['y] \ {0, 1} € (0,1) be in the smallest interior belief
in the support of I's. Using the definition of f(x,y), define x by f(x,y) = r. Conditional
on 'y =2 € [x,1), B(z,y) € [r,1) for all interior y in T'y’s support. But then for all

r € [x,1) we have:

Wi(x) = ui1(B(x,0)) Pr(ly = 0|1y = 2) + uy (B(z, 1)) Pr(Ty = 1| = x)+
———

—_————
=0 =0
S w(B.y) Pr(Ts = oIl =) > 0.
yEsupp['2]\{0,1} <0 =0

This contradicts Lemma 1 property (2).

The broader intuition is as follows. We say a sender ¢ has an advantage on any

subset of [0, 1] on which w; is strictly positive; for instance in the example, sender 1 has

12



an advantage on [0.6,1).'" While senders would like the receiver’s posterior to fall in
their regions of advantage with high probability, neither sender’s experiment unilaterally
controls the posterior. However, in the example sender 1 has an advantage at the end of
the unit interval, [r;1). If sender 2 chooses 'y that is interior with positive probability
then sender 1 can find extreme enough interim beliefs > x guaranteeing that, conditional
on z being realized and I'y being interior, the receiver’s posterior is in [r,1). Whenever
Iy fully reveals the state both senders get utility 0, and so overall sender 1 gets a strictly
positive expected payoff from generating an interim belief 2 € [x,1); Lemma 1 says this

is not possible in equilibrium.

This argument does not depend on the specific u; in the example. As § — 1,
whenever u; approaches u;(1) = 0 from above, as is the case in the example, we can find
an r € (0,1) such that sender 1 has an advantage on [r,1). Hence for any such u;, we can

FFR

replicate the same argument to show that any I'y # cannot be played in equilibrium.

If u; approaches 0 from below as f — 1 then uy must approach from above, and so we
— FFR

must have I'y in any equilibrium. The same argument applies whenever u; or us

approach 0 from above as § — 0.

Piecewise analycity guarantees that when utilities are nonlinear in a neighborhood of
0 or 1, then some i sender has an advantage on an interval (0, 7] or [r, 1). These intervals of
advantage at the extremities of the interval are important as senders face uncertainty over
the realization of their opponent’s experiment. Conditional independence of experiments
means ¢ cannot precisely control the receiver’s posterior given every interior realization of
I'; and hence ¢ must have an extreme interval of advantage that she can ensure all interior

posteriors fall in.

As wuq,uy are piecewise analytic, there is only one other case to consider: wuq,us
nonlinear and wuy () = u2(f) = 0 for all 5 in some neighborhoods of both 0 and 1. Here
too there will be a sender with an advantage closest to the ends of [0,1] who can find
a violation of Lemma 1 property (2) whenever her opponent does not fully reveal the
state. Let r = sup{s € [0,1] : uy(5) # 0} be the supremum of posteriors at which
uy, up are nonlinear (note r < 1). WLOG, assume either u;(r) > 0 or that there are
beliefs approaching r from below at which u; > 0 (zero-sumness implies this must hold
for either u; or uy). Suppose I'y # I''2. Defining y and x as before, if u;(r) > 0, then
Wi(x) = ui(r) Pr(ly = y|I'y = x) > 0. If uy(r) # 0, then Wi(x — €) > 0 for some small

I"We use the word advantage because Lemma 1 tells us that both senders will get ex-ante expected
utility 0 in equilibrium. Any posteriors that yield strictly better utility than this for a sender are relatively

advantageous to that sender.
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enough ¢ > 0.

4 Main result

Now we apply the logic from the previous section to N > 2 states and M > 2 senders.
For any T" > 1 and experiments I'y,...,I'p, let B3(T'q,...,I'r) be the receiver’s posterior
belief after observing all T realizations.'® Fixing opponents strategies I'_;, we can define
Wi(z) just as before: Wi(z) = 3_ c o, wi(B(@,y)) Pr(l'—; = y|I'; = z). Lemma 1 then

extends to this more general setting:

Lemma 1. In any equilibrium (T'y,...,Tyr), for all senders i:

(1) Uy(Ty,....Tar) = 0.

(2) Wi(z) <0 for all x € A(R).

Property (1) follows from the same arguments as in the previous seciton. Property (2)
then follows by showing that for any x € A(Q) there exists a Bayes-plausible experiment

with support on z and at most N — 1 elements of {4y, ...,dy5}."

For any strategy profile (I'y, ..., 'y;) and subset of states ' C €, we say €' is pooled
if Pr(G;(I'1,...,Ta) > 0 VI € Q') > 0 (otherwise, Q' is not pooled). When €2’ is not pooled,
the receiver will always be able to rule out at least one of the states in the set. For any
QO CQ,let A(Y) = {y € A(Q) : > ey 7t = 1} be the subset of the simplex assigning
probability 1 to w € €. Note that for two states I, k, A({l, k}) is the edge of the simplex
between §; and J,. Hence Proposition 1 can be restated as: states 0, 1 cannot be pooled in
any equilibrium if and only if some w; is nonlinear on A({0,1}). Proposition 2 generalizes

Proposition 1 and characterizes when any set of states can be pooled in equilibrium.

Proposition 2. A set ' C Q is pooled in no equilibrium if and only if there is a sender

i for whom w; is nonlinear on A(§Y).

Suppose the receiver learns that w € €2'. Conditional on this event, if u; is linear on
A(SY) for all ¢ then all senders are indifferent across all additional information that can be
revealed. Meanwhile, if for some ¢ u; is nonlinear on A({’), then there is some additional

experiment that i either strictly prefers or disprefers to not providing any additional

18See Appendix A for an explicit formula.
19This is because 7 is in the convex hull of  and some N — 1 elements of {d1, ..., x5}
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information. Proposition 2 says that conditional on the receiver learning that w € (',
some sender having strict preferences over revealing additional information characterizes

2’ being not pooled in every equilibrium.

Taking this logic one step further, the following corollary gives another implication

of Proposition 2.

Corollary 1. Conditional on any posterior belief induced in equilibrium no sender can

find an experiment that strictly improves or reduces her payoff.

Corollary 1 tells us that in every equilibrium senders reveal enough information to
remove all further conflict between them. An implication of this result is that no informa-
tion revelation, the strategy profile (I'V, ..., T'Y), is an equilibrium if and only if all senders

are indifferent across all strategy profiles (i.e. senders have trivial preferences).

We now turn to the proof of Proposition 2. Proving the ‘only if” direction is straight-
forward: if all u; are linear on A(€Y') then all senders fully revealing the state whenever
w € Q\  and revealing no further information whenever w € Q' is an equilibrium that
pools .2 Conditional on w ¢ €, no sender 4 has the incentive to deviate as the receiver
will learn the state from I'_;. Conditional on w € €', I'_; will reveal this fact to the re-
ceiver, ensuring that 5 € A(Q2'); as w; is linear on A(€) there is no additional information

1 can reveal profitably.

Now for the ‘if’ direction; we provide the main intuition here but leave to proof to
Appendix A. For any Q' C €2 and sender i, fixing an opponent strategy I'_; consider W;(x)
on A(€Y). As noted above, I'; = x € A(QY) = p(z, ;) € A(Y) w.p. 1. Generating
an interim belief in A(€) tells the receiver that w € €, ensuring the posterior is also
on this set. Conditional on z € A(€'), the only information I'_; can convey is relative
probabilities of states in €. When evaluating W;(x) on A(§Y), sender ¢ can treat I'_; as

an experiment just about states in €)',

If some u; is nonlinear on A(§Y), we can apply a similar argument to Proposition
1. Firstly, at least one sender has an advantage somewhere on A(£). We can find some
sender j such that whenever Pr(I'_; = y s.t. y > 0Vl € Q') > 0 (i.e. T'_; pools ),
W;(x) > 0 for some x € A(§Y). Like in Proposition 1, j will be a sender with an advantage
closest to the extremes (boundaries) of A(€') and x will be extreme enough to ensure that

whenever I'_; assigns positive probability to all states in €, 5(x,I'_;) falls in a region

20Formally, each sender plays I' s.t. Pr(I' = §,) = m, for all n ¢ Q" and Pr(I' = ys.t. y =
5= & Vie Q) =3 1co Tk

keq! Yk

15



of j’s advantage with positive probability. Otherwise, 5(x,I'_;) will fall where j gets 0
utility. Hence W;(x) > 0, violating Lemma 1 and implying that I'_; (and hence the whole

strategy profile) must not pool €’ in equilibrium.

The bulk of the proof involves finding this x as a function of a I'_; that pools (V.
When || = 2, conditional on I'; = 2 € A()') we are in a binary-state world; hence we
can find x on edge A(§') just as in Proposition 1. As our main result, Theorem 1, will
only rely on Proposition 2 for || = 2, we relegate a full proof of the case || > 2 to
Appendix A (noting that the broad intuition is the same).

Whenever no pair of states can be pooled in any equilibrium, the state is fully revealed

all equilibria. Applying Proposition 2 to every pair of states:

Theorem 1. The state is fully revealed in every equilibrium if and only if for every pair

of states {l,k} there is a sender i for whom w; is nonlinear on A({l, k}).

This is an immediate corollary of Proposition 2. Theorem 1 shows that preferences
being sufficiently nonlinear characterizes all equilibria being fully revealing. The state
may not be fully revealed only if all senders have linear preferences on an edge of the
simplex. Linearity along any edge for any sender, let alone all senders, is knife-edge and

so for typical sender preferences the state is fully revealed in all equilibria.

Remark. While we have assumed that Zi\il u; = 0, Theorem 1’s condition for
full revelation in all equilibria only requires a subset of senders to have zero-sum utilities.
Specifically, suppose the game with senders 1, ..., M is not zero-sum?! but that there exists
I C{l,...,M} with Y., u;(8) = 0 for all 5 € A(Q2). Then the state is fully revealed
in every equilibrium if for every [,k € () there is a sender ¢ € I with u; nonlinear on
A({l,k}).?*> This is easy to see: our analysis applies directly to senders I. Note that we
no longer have the necessary condition for full revelation in all equilibria: it is possible
that all senders in I have linear utilities on some A({l, k}) but all equilibria of the game

are fully revealing.

4.1 Single receiver with finite actions

Thus far, the receiver’s only role in the model has been to update her beliefs and hence we

have defined sender preferences {u;}; over the receiver’s posterior belief. In this section we

2lie. there exists 3, 8’ € A(QY) with Z?il u;(B) # Ziv; u; (87)
22We can extend Proposition 2 similarly. Some sender in I having nonlinear preferences on A(§)) is

sufficient for € to be pooled in no equilibrium.
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explicitly model the receiver. In particular, we consider a game in which after updating to
her posterior a single receiver picks an action from a finite set A. When we can microfound

the game in this way, Theorem 1 takes a clean form.

Suppose after observing all experiment realizations the receiver picks an action a € A
and receives a payoff u,(a,w) while each sender i gets payoff u;(a,w). We make the generic
assumption that no agent is indifferent between any actions at any state. The solution
concept is Perfect Bayesian Equilibrium (PBE) and we assume the receiver breaks ties
by choosing ‘higher’ actions when indifferent (as actions can be reordered arbitrarily, we

make this assumption just to fix some tie-breaking rule).?

In the space of posteriors, senders have piecewise linear utility functions. For any
0 C Q these functions are linear on A(?') if and only if the receiver has the same best
action at every state in Q. By Proposition 2, a set of states {0’ cannot be pooled in any
equilibrium if and only if the receiver has different best actions at least two states in 2.

This implies a version of Theorem 1:

Corollary 2. Suppose a single receiver choosing actions from a finite set breaks indiffer-
ences in favor of higher actions. Generically, the state is fully revealed in every equilibrium

if and only if the receiver has a different best action at every state.

Further, when any subset of states €' C € is pooled in equilibrium, Proposition 2
implies the receiver has the same best action at all states in €2’. Hence more information
would not change the receiver’s action which means the receiver learns enough to take
her first best action. We leave the details behind these two results to Supplementary

Appendix B.

In Section 5.1 we work through an example of a game with a single receiver with a
finite set of actions. In Section 5.2, we present an application with multiple receivers and

discuss some of the differences between single and multiple receiver games.

4.2 Competition and information

Consider our game played by only a subset of senders {1,...., M'} C {1,..., M} (M' < M);

note the game with M’ senders may no longer be zero-sum. In order to assess the impact

231t turns out that fixing a tie-breaking rule is not necessary for the results below to go through; only
the assumption on lack of indifference between actions at every state is crucial. However, the tie-breaking
rule ensures that in all equilibria of the this game, sender preferences over the receiver’s posterior will be

piecewise analytic and hence we will be able to immediately apply our prior results.
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of zero-sum competition on information provision, we compare the information revealed
in equilibria with senders {1,..., M’} and with senders {1,..., M} (if M’ = 1, then the
‘equilibria’ of the M’ sender game are just sender 1’s Bayesian Persuasion solutions).
We say a strategy profile is equivalent to another if they induce the same distribution
over posteriors. A strategy profile is (strictly) more informative than another if it is
(strictly) Blackwell more informative (Blackwell, 1953). A strategy profile is no more
informative than another if it is not strictly more informative. Proposition 3 compares

the informativeness of M’ and M sender equilibria.

Proposition 3. Let (I'y,...,T'y) be an equilibrium of the M sender game. Then:

(1) There is an M’ sender equilibrium that is no more informative than (I'y,...,Tay).

(2) If an M' sender equilibrium (I'}, ..., I"y;) is more informative than (I'y, ..., ), then

there is an M sender equilibrium equivalent to (I}, ...,I",.).

We interpret point (1) of Proposition 3 as saying that zero-sum competition cannot
decrease equilibrium information provision relative to competition between any subset of
senders. No equilibrium information of the M sender game can be strictly less informative
than all M’ sender equilibria. This is a weak notion of non-decrease in information
provision; we discuss this in detail below. It is easy to find cases in which zero-sum
competition strictly increases information provision; for instance, in our leading example,
all ‘equilibria’ with any one sender (i.e. all Bayesian Persuasion solutions) are strictly less

informative than the unique equilibrium with two senders (full revelation).

When combined, point (1) and point (2) provide another sense in which zero-sum
competition does not decrease information provision. Information which can be revealed
in an M’ sender equilibrium must have at least one of the two following properties. Either
it can also be revealed in an M sender equilibrium, or it is no more informative than all M
sender equilibria. Moving from M’ to M senders can only remove equilibrium outcomes
that are no more informative than all outcomes of the new game. Equilibria that are
removed will also be strictly worse than some M sender equilibria (e.g. the fully revealing

one).

The weakness of Proposition 3 is that some equilibria of the M and M’ sender games
may not be Blackwell comparable; this means zero-sum competition need not increase
information provision according to many orders used in the literature (e.g. those defined
in Gentzkow and Kamenica (2017a), Che et al. (2019), Milgrom and Shannon (1994)).
However, Theorem 1 tells us that for typical sender preferences, zero-sum competition

will not only increase information provision, but do so starkly.
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In two special cases, comparing M’ and M sender equilibria is much simpler. In
the binary-state case, if all M senders have linear preferences, then the set of equilibria
with M’ and M senders are the same. Meanwhile if any of the M’ senders has nonlinear
preferences, then the state will be fully revealed in any M sender equilibrium. This implies
that M sender equilibria are more informative than M’ sender equilibria according to the
‘strong set order’ (Veinott (1989), Milgrom and Shannon (1994)). Next suppose there
is a single receiver with finite actions (we maintain the assumptions on payoffs and tie-
breaking from Section 4.1). As all M sender equilibria deliver the receiver her first-best
payoff, moving from the M’ sender game to the M sender game makes the receiver weakly
better off (of course, any of the M’ senders could be made worse off).? This has normative
implications for how a decision maker should choose sources of information or experts.
Suppose that before making a decision, the receiver can chooses a set of experts who then
choose what information (experiments) to reveal. The experts may have their own vested
interests in the receiver’s action. If the receiver has a selected some set of M’ experts and
can choose an additional expert, she should pick one who maximally disagrees with the

others.

One contribution of this paper is to identify a natural and applicable environment
—zero-sum preferences and conditionally independent experiments —for which competi-
tion cannot decrease information provision. In Section 6 we discuss to what extent our
assumptions on preferences and sender technologies/strategies can be relaxed while still

maintaining this result.

4.3 Discussion

Here we discuss to what extent our results and analysis are robust to changes in our

modelling assumptions.

Robustness to zero-sumness. Using standard upper hemicontinuity arguments,

we can show Theorem 1 is robust.

Proposition 4. Suppose senders’ utility functions converge to zero-sum and utilities are
sufficiently nonlinear in the limit. Whenever convergent, the information revealed along

any sequence of equilibria converges to full revelation.

Convergence for utilities is in the sup norm. For information, the notion is conver-

24 As the receiver learns everthing valuable to her in all M sender equilibria, comparing the informa-

tiveness of M and M’ sender equilibria is less important.
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gence in distribution of the receiver’s posterior. We leave the details to Supplementary

Appendix B.

Proposition 4 tells us that our results are not knife-edge. Typically, when preferences
are close to zero-sum, all equilibria are close to fully revealing.?> This robustness is one
reason we focus on conditions for full revelation in all equilibria. Note that if the limiting
preferences are linear on every edge of the simplex, it is still possible for the information
revealed in all equilibria to converge to full revelation —Proposition 4 is just a sufficient

condition.

While our results are informative about preferences close to zero-sum, our analysis

does not apply far from it. In Section 6 we discuss nonzero-sum preferences more generally.

Piecewise analytic utility. Our assumption that utility functions are piecewise
analytic is not necessary for our results. Proposition 1 relied on being able to find an
interval of advantage for one sender at the extremes of the unit interval. For this result,
we just need to rule out pathological utility functions that, under our normalization, take
values oscillating infinitely about 0 close to the ends of the unit interval. A sufficient
condition for this would be the piecewise analycity of utilities in some neighborhoods of
each degenerate belief. Theorem 1, which only relies on Proposition 2 applied to pairs of
states, also goes through under this weaker condition. For Proposition 2, we need utility

functions to not oscillate infinitely about 0 on any path of beliefs in the simplex.

Experiments without finite signals. We have focused on finite signal equilibria
because the results are cleaner. The same intuition applies when senders can choose any
conditionally independent experiments (with countably or uncountably many signals).
However in this case we only obtain a sufficient condition for full revelation in every

equilibrium —satisfied in all but a knife-edge case —but not a necessary one.

For any states [, k let v'"* € R¥ be the vector from §; to §;.2° For any sender i let
Vxti(+) be the directional derivative of u; moving along v"*. Note that moving from any
81 to 0y along v"*, we cross a finite number of analytic ‘pieces’ of each u; (by piecewise
analycity). Hence while V iru;(3) need not exist for all 3, the following quantity will
always exist for all 7 and [, k:

dok = lim Vs
U a5y Vrtild)
B—0y,

25In Supplementary Appendix B we show a similar robustness result for Proposition 2.

261}2}’“ =1, vll’k =—1,vkF =0 forall n # 1, k.
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Note that d“* exists even when V", (0;) does not exist.

We say some u; satisfies Condition 1 on edge A({l, k}) if either d"* # u;(6),) —us(6;),
d¥t £ u;(8)) — u;(0y,), or both.

Not satisfying Condition 1 is knife-edge. It is not satisfied by u; on A({l,k}), for
instance, if w; is linear on this edge or if w; is linear in neighborhoods of §; and d.
Condition 1 is satisfied if u; looks like u; or us in our leading example (Figure 1) on the
edge. Most importantly, Condition 1 is generically satisfied for all u; on edge A({l, k}) in
a model with a single receiver with a finite set of actions if and only if the receiver prefers
different actions at [ and k. If for each edge of the simplex some sender’s preferences

satisfy Condition 1, we have full revelation in all equilibria.

Proposition 5. Suppose senders can choose any (conditionally independent) experiments.
The state is fully revealed in every equilibrium if for every pair of states {l, k} there exists

a sender i for whom u; satisfies Condition 1 on A({l,k}).

Proposition 5 says that we should still expect full revelation in all equilibria for
typical sender preferences when we drop the finite signal restriction on experiments. We
leave the proof to Supplementary Appendix B, but for intuition consider the two-sender
binary-state case. Note that when proving Proposition 1 using our leading example, we
made use of the fact that if I'; is not fully revealing, it has in its support some minimum
interior interim belief y. When I'; does not have finite support, y need not exist and
whether sender 1 can find a point x for which Wj(x) > 0 will depend on the limiting

behavior of u; (hence Condition 1).

Sender private information. In many settings of persuasion agents hold private
information. We can easily incorporate receiver private information into our model: at
each public posterior 3 realized from sender experiments, we can compute sender expected
payoffs by taking an expectation over what private information the receiver may obtain.?”
Here we deal with the more interesting case: sender private information. This is an
important consideration in many of our applications. At the start of a court case, a
defense attorney may have information about the guilt/innocence of her client that the
prosecution and judge/jury are not privy to. Alternatively, companies may possess private

information about the quality of products they advertise.

Suppose when the game begins each sender receives a private signal. We assume

these signals are bounded?® and realized from finite signal conditionally independent ex-

27See discussion in Kamenica and Gentzkow (2011).
28They induce beliefs bounded away from the simplex’s boundaries.
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periments.?’ The solution concept is PBE. In equilibrium, senders could potentially signal
their private information through their choice of experiment. However, for typical sender

preferences the takeaway from Theorem 1 remains the same.

Proposition 6. Suppose senders receive private signals before the game. The state is
fully revealed in every equilibrium if for every pair of states {l,k} there exists a sender i
for whom u; satisfies Condition 1 on A({l,k}).

The logic behind the result remains close to that in the baseline model. Any signalling
of private information that does occur via choice of experiments will, as private informa-
tion is bounded, induce bounded beliefs for the receiver. Hence a sender can ‘overpower’
information provided through signalling by generating extreme enough interim beliefs,
just as she can overpower interior interim beliefs induced by her opponents’ experiments.
Condition 1 is needed because of inability to discipline off-path beliefs in equilibrium; we

leave details and the proof to Supplementary Appendix B.

Sequential moving senders. Consider a sequential version of our model, in which
senders 1,..., M move in order. Senders observe all previous experiment choices (but
not realizations).*® Such a setup may be applicable in modelling firms competing for
consumers by designing advertisements. A firm may observe the advertising campaign (or
experiment) its competitor chooses, but because it cannot observe the sales/marketing

1

data associated with the advertising campaign,' cannot observe the realization of the

experiment.

We are interested in subgame perfect Nash Equilibria (SPNE) of this game. Note
that for each simultaneous game there are multiple corresponding sequential games, one
for each ordering of senders. The following result helps clarify the relationship between

the our baseline model and a sequential version.

Proposition 7. If for uy,...,up there is full revelation in every SPNE of the sequen-
tial game with the senders moving in some order, then there is full revelation in every

equilibrium of the simultaneous game.

We prove the result Supplementary Appendix B and also show that the converse

does not hold: it is possible for there be to full revelation in every equilibrium of the

29The latter two assumptions are for convenience.
30Tf senders could observe the realizations of upstream senders’ experiments, then a downstream senders

could correlate her experiment with upstream senders’ by conditioning her experiment choice on upstream

signal realizations. Our results in this section would also hold for such a model.
3le.g. how many consumers clicked on an online ad or how many bought products after viewing an ad.
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simultaneous game but non-fully revealing SPNE in the sequential game for every ordering
of senders. The result shows that we are guaranteed full revelation in equilibrium for a
(weakly) larger set of sender preferences with simultaneity than with sequentiality. This
is in line with Norman and Li (2018a) and Wu (2017), which show that simultaneous

persuasion cannot generate less information than sequential.??

In their supplementary appendix, Dworczak and Pavan (2020) consider a model sim-
ilar to the sequential model described above with two senders (see Section 1 for a de-
scription of their model). Their paper however asks very different questions than ours
and obtains weaker full revelation results. Differences in timing (sequentiality vs simul-
taneity) are one reason for our stronger full revelation results. Another is that while our
results concern the total information revealed by multiple senders, their results emphasize
the information revealed by a single persuader (less so her opponent —nature). Formally,
in the two sender version of our model, our condition for any states €2’ to be not pooled in
every equilibrium is equivalent to the persuader in (Dworczak and Pavan, 2020)’s model
having a unique optimal strategy of not pooling 2" or nature minimizing her payoff by

not pooling 2.

5 Applications

In this section we consider two applications, one with a single receiver and one with

multiple receivers.

5.1 Lobbying

We first work through an example of persuading a single receiver. This example is intended
to unpack the sender preferences over the receiver’s posterior, which are the primitives of

our baseline model.

Consider the problem of two competing lobbyists attempting to persuade a single
politician. Suppose w represents type of threat climate change poses; the threat can
either be low (w = L), medium (w = M), or high (w = H). There are three possible
actions the politician can take to combat climate change. If she chooses a = N no action

is taken, choosing a = W would pass a weak law (maybe with non-binding measures), and

32However both papers allow senders to correlate experiments arbitrarily. Wu (2017) also considers

zero-sum games, but only shows existence of a fully revealing equilibrium.
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choosing a = S would enact a strong law (maybe mandating use of alternative energy).??

At the start of the game, an oil lobby firm and an environmental lobbying group
commission experts of their choice to write reports on climate change (i.e. the two senders
choose experiments on w).?* The politician then reads the reports, updates her belief on

w, and chooses her action a.

All three agrents receive payoffs that depend on the politician’s action, a. The oil
lobbyist prefers the weakest possible action: u,(N,w) = 1, u,(W,w) = 0.5, u,(S,w) = 0
for all w.?® The environmental lobbyist, meanwhile gets payoffs: u.(N,w) = 0, u.(W,w) =
0.5, ue(S,w) = 1 for all w. Note that payoffs for lobbyists are constant-sum at every action
and state pair. The politician’s preferences over actions depend on the state. Suppose the
politician strictly prefers to take no action when she is certain w = L and strictly prefers
a =S at state w = H. When w = M, she has preferences: u,(N, M) =0, u,(W, M) = 0.5
and u,(S, M) = p, where p € [0,1] may measure her willingness to fight the oil lobby.
Assume that when indifferent between actions, the politician breaks indifferences favoring
N over W over S.

The solution concept is PBE. Let Ry, Ry, Rs € A(£2) be the sets of posteriors at
which the politician optimally chooses actions N, W, and S respectively. These sets are
disjoint, partition A(€2), and are convex (given our tie-breaking rule). Figure 3 shows an
example of these sets. In any PBE, the lobbyists’ expected payoff given the politician’s
posterior, u,(f) and u.(5), can be written: u;(3) = > . ui(a*(8),w)B., where a*(3) is
the politician’s action choice at . Each u;(f) is linear on each of Ry, Ry, Rs and hence
piecewise linear on A(2). As u, and u, are also constant-sum, they meet the conditions

for our analysis to apply (for exposition, we do not normalize u;(d;) = 0 for all [).

First suppose p < 0.5. Then: §; € Ry, 0y € Ry, and 6y € Rs —at each degenerate
belief the politician takes a different action. Then u,() must have a discontinuity along
A{L,H}) as u,(f) jumps from 1 to 0 when crossing from Ry to Rg. Similarly, there
are discontinuities in u,(3) along A({L, M}) and along A({M, H}). As u,(53),u.(5) are

nonlinear on every edge, the state is fully revealed in all equilibria (Theorem 1).

Now suppose p > 0.5. Then §, € Ry and 6p,0y € Rs. Along A{L,H}), uo(B)

33For instance, if the politician is the president of the United States W and S could be potential

executive orders. Alternatively, the politician could be a legislator casting a pivotal vote on two bills.
34 As noted by Kamenica and Gentzkow (2011), lobbying groups spend large amounts of money on such

reports. For example, the tobacco lobby heavily funds reports on the health effects of smoking cigarettes

(Barnoya and Glantz, 2006).
35Both laws could reduce demand for oil: S directly and W by affecting consumers’ choices.
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and u.(3) are the same as when p < 0.5; hence Proposition 2 implies L and H cannot be
pooled in equilibrium. Along A({L, M}), both u;(3) are discontinuous and so {L, M} also
cannot be pooled. However, as dy;, 0y € Rg and Rg is convex, A({M, H}) C Rg; hence at
every belief along this edge the politician approves the strong bill and the environmental
lobbyist gets a payoff of 1 while the oil lobbyist gets payoff 0. Sender preferences are

linear along A({L, H}) and these states are pooled in some equilibria.

M

H M H

Figure 3: An example of how Ry, Ry, Rs may look when p =0 (left) and p =1 (right).

When p < 0.5, the politician prefers a different action in each state. Hence any
information provided about the relative probabilities of the three states could be valuable
to her in decision making. As the politician learns the state in every equilibrium, she is
always able to take her first-best action. Meanwhile, when p > 0.5, the politician prefers
the strong action in both states M and H and so conditional on learning w € {M, H}, no
further information could benefit her decision making. Although M and H can be pooled
in equilibrium, neither can be pooled with L and so the politician still learns enough
to take her first best action. Because lobbyists disagree —in a zero-sum sense —over
the politician’s action, they never withhold information that could influence this action.

However, they may withhold information which will not affect the action.

5.2 Persuading voters

As an example of a game with multiple receivers, we adapt Alonso and Camara (2016)’s

model of a single politician persuading voters to a competitive setting with two politicians.

There are V' voters {vy,...,vy} (V odd). Each voter v; will cast a vote a; for either
politician 1 or 2. The politician who receives the majority of the votes, O € {1, 2}, wins

the election and receives a payoff of 1 while the losing politician receives payoff 0. We
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call O the outcome of the election. Voters have preferences over politicians that depend

on an underlying state w € Q: {u,,(0,w)}}_;.

We interpret this setup as follows. Politician 1 and 2 have platforms specifying
policies they would enact if elected. Voters have preferences over the policy decisions that
would be taken by the politicians, and hence the politicians themselves, that depend on
w. At the start of the game, the politicians simulateneously choose experiments on w; we
think of this as politicians commissioning experts to write reports. The voters commonly

observe these experiments and their realizations and then simultenously cast their votes.

In any PBE, voters’ actions constitute a Nash Equilibrium at every posterior belief
induced. We select equilibria in which voters play undominated stategies and vote for
politician 1 when indifferent. This implies that voter v; votes for politician 1 at posterior
B if and only if Y, o uy, (1, k) > D) U, (2, k). Note that the set of posterior beliefs at

which voter v; votes for politician 1, O;(v;) C A(£2), is convex.

To apply our results, we need to show that in any equilibrium, poiliticians’ preferences
over posterior beliefs fit our assumptions. In an equilibrium abiding by our selection, let
01 € A(Q) be the set of beliefs at which the voters elect politician 1 and O be the set
of beliefs they elect politician 2. At beliefs in Oy, politician 1 (2) gets payoffs 1 (0), while
in O, politician 1 (2) gets payoff 0 (1). It is easy to show that O; and O, can each be
written as the union of a finite number of disjoint convex sets;*¢ hence politicians’ payoffs

are real analytic and zero-sum.

For any Q' C Q, senders have linear preferences on A(€?') if and only if A(Q') C O, or
A(Y) C Oy If A(SY) intersects both O and O,, then sender payoffs jump discontinuously
at some point in A(Q2"). Applying Proposition 2: € is pooled in some equilibrium if and
only if A(Q) C Oy or A(fY) C O,. This implies that in equilibrium, at every posterior
no additional information would affect the election outcome. By Theorem 1, the state
is fully revealed in every equilibrium if and only if for every pair of states [, k, A({l,k})

intersects O; and O,.

There are a couple interesting features of this setting which we will discuss via the
following example. Suppose Q2 = {0, 1} with a flat prior, V' = 3, and u,, , ty,, 4, are such
that the following is true. If voter 1 knew the state, she would prefer politician 1 when

w = 0 and politician 2 when w = 1; however, her preference for politician 2 when w =1

36The regions in which an individual voter votes for politicians 1,2 are defined by a single hyperplane.
Drawing all V' such hyperplanes partitions the simplex into finitely many convex cells. All voters’ actions

are unchanged when moving within a cell. Hence each cell is either in O; or Os.
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is stronger than her preference for politician 1 when w = 0.3 Meanwhile voter 2 prefers
politician 1 at w = 1 and politician 2 at w = 0 but her preference at w = 0 is stronger

than that at w = 1. Finally voter 3 always prefers politician 1. Figure 4 shows what
O1(v;), O2(v;) look like for all voters.
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Figure 4

Note that while O;(v;) and Oy(v;) are convex for each v;, O; and Oy need not be
convex. In the example, Oy = (c¢,d) while O; = [0,¢) U (d,1]. Hence despite the fact
that the voters would elect politician 1 at both states 0 and 1, politicians must still fully
reveal the state in all equilibria as there are interior beliefs at which voters would make a
different decision. This is in contrast to a game with a single receiver where the receiver

takes the same action on convex sets.

Alonso and Camara (2016) find that relative to no information, a single persuader
can make a majority of voters strictly worse off. Although competition guarantees all
equilibria of our example provide voters with full information, this still makes a majority
of voters worse off. In equilibrium, when w = 0, voter 1 gets an outcome (O = 1) she
marginally prefers given the state. With equal probability, w = 1 and voter 1 gets an
outcome she strongly disprefers. Meanwhile, under no information, politician 2 wins the
election; this is the marginally dispreferred outcome for voter 1 when w = 0 and the
strongly preferred outcome when w = 1. In net, voter 1 does better under no information;
the same is true for voter 2 by identical logic. Voter 3, meanwhile, does better under full

information.>8

3Tie. wy, (2,1) — uy, (1,1) > uy, (1,0) — uy, (2,0).
38 Alonso and Camara (2016) show that a majority of voters can be made worse off by a single persuader
even if at every state all voters agree on the best outcome. With competing persuaders, such agreement

between voters guarantees all voters do better off in equilibrium than under no information.
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The example adds some nuance to our results on information provision in equilbrium.
While the effects of zero-sum competition are unambiguously positive for a single receiver,

the welfare implications for multiple receivers will depend on the environment.

6 Discussion of Assumptions

Our two most substantive assumptions in this paper are that preferences are zero-sum
and senders have access to only conditionally independent experiments. In this section

we examine to what extent we can relax each of these.

6.1 Zero-Sum preferences

Zero-sum preferences correspond to maximal disagreement between senders,? and hence
are an important benchmark to consider for the applications we had in mind: those in
which senders have strongly opposing interests. Under this benchmark, we were able
to characterize properties of all equilibria*® and show that competition cannot decrease
information provision. In this section we demonstrate that neither of these findings apply

away from zero-sum games.

It is easy to see why our full revelation results collapse in a more general setting:
if we allow for arbitrary sender preferences then it is possible for all senders to have
identical preferences; in this case any sender’s Bayesian Persuasion solution will be an
equilibrium and, of course, need not be fully revealing. More interestingly, when the
game is not zero-sum and senders employ conditionally independent experiments, the
effect of competition on information provision is ambiguous. We can find examples of
nonzero-sum piecewise real analytic preferences such that adding a sender can create
an equilibrium strictly less informative than all equilibria without the additional sender.
In the one parameter model of disagreement between two senders studied in Gentzkow
and Kamenica (2017a) we can show that increasing disagreement between senders can

41

produce strictly less informative equilibria.*® This suggests that while in the limit of

maximal disagreement competition cannot decrease information provision, information

39Formally, whenever U;(T'y, ..., pr) > U; (T}, ...T";) then there exists a sender j with U;(I'y,...,Tas) <
U;(T%,..T);). Hence zero-sum preferences maximize the set of strategy profiles pairs for which senders

do not unanimously agree on the ranking.
40Proposition 4 tells us that these results apply close to this benchmark as well.
41 At one limit of the parameter is zero-sum preferences.
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provision is not monotonic in competition. Hence another justification for our limiting
the scope of sender preferences is an inability to answer our motivating question outside

this scope.

6.2 Limitations in technology

The main results of this paper show that when senders have zero-sum preferences and have
access to all conditionally independent experiments, then competition cannot decrease
equilibrium information. This happens starkly —typically any such competition results

in all information being revealed.

The arguments we use have relied on our assumptions on the information technology
senders have access to. In particular, Lemma 1 property (1) relied on each sender being
able to fully reveal the state and Lemma 1 propery (2) relied on a sender being able
to construct any experiment using N signals that is conditionally independent of her
opponents’. In this section, we first show that these two ingredients are sufficient for our
results; in particular if other (potentially non-conditionally independent) experiments are
additionally available to senders then Propositions 1 and 2 and Theorem 1 go through.
We then argue that while the fact that zero-sum competition results in nondecreasing
information may not be shocking, it is not obvious; if senders do not have access to
a rich enough set of conditionally independent experiments then competition may in
fact decrease the amount of information provided in equilibrium. Finally, we consider
a few examples which demonstrate that our baseline assumptions on technology are not
necessary for our results —even when senders are limited to picking experiments from
some simple restrictive classes of conditionally experiments, we still can maintain our

main results.

6.2.1 Additional Experiments

The case of conditionally independent (CI) experiments is realistic in many real-world
settings. However, in some environments it is possible that senders may be able, to
an extent, to correlate the results of their experiments. For instance, in criminal cases
tried in United States federal court, the prosecutor may be bound to disclose (or place
in discovery) certain types of evidence at various deadlines before the trial. The defense
may hence (partially) condition what exonerating evidence they seek on what information

the prosecutor discloses. In the case of politicians competing for votes, campaigns are
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dynamic processes and a candidate may commission experts to write reports informative
about her agenda after her opponent has already done so. Importantly, while a sender
in these examples is able to partially condition what information she seeks on what her
opponent has revealed, she need not do so. A defense attorney is free to ignore the
evidence put into disclosure by the prosecution and a politician is free to conduct her

campaign ignoring information revealed by her competitors.

Our results also apply in these types of settings. Conditional independence is not
crucial to our results in the sense that they still hold if senders have access to additional
(partially or arbitrarily correlated) strategies. Fix a set of signals S, |S| > N. Suppose
each sender ¢ has access to a set of experiments F;. We say sender i has access to all
CI experiments if for any finite subset of signals S; C S ¢ chooses, E; contains every
conditionally independent experiment II; : Q@ — A(S;). Sender ¢ may have access to all
CI experiments and also have access to other (finite signal) experiments which realize to

signals in .S;.

Corollary 3. If every sender has access to all CI experiments then Propositions 1,2 and
Theorem 1 hold.

The important part of Corollary 3 is showing that Proposition 2 holds in such an
environment; Proposition 1 is then implied and Theorem 1 follows by the same argument
as in the baseline model. First note that if all senders have access to all CI experiments
then Lemma 1 property (1) holds (for the same reason). Fixing an experiment I'_;, we
can define W;(x), as before, as i’s expected payoff from generating interim belief x from
an experiment conditionally independent to I'_;. Next note that Lemma 1 propery (2)
holds here as well; just as in the baseline model, whenever I'_; is such that W;(z) > 0
for some z, i can find a conditionally independent I'; such that U;(I';,I"_;) > 0 (violating
Lemma 1 property (1)). Extending the ‘if’ direction of Proposition 2 to this setting then
follows by and identical argument as in the baseline model; the ‘only if’ direction holds

by an identical construction of pooling equilibria.

It is worth noting that adding correlated experiments to senders’ strategy spaces
augments the set of deviations they can play and hence it could be easier to support
non-fully revealing equilibria when only CI experiments are available. Our analysis shows
that CI deviations are sufficient to eliminate non-fully revealing equilibria whenever there

is sufficient nonlinearity in preferences.

Gentzkow and Kamenica (2017b) consider a multi-sender Bayesian persuasion game

in which senders are allowed to arbitrarily correlate their signal realizations and obtain a
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sufficient condition for full revelation in all equilibria of zero-sum games almost identical
to ours. Corollary 3, combined with Theorem 1, nests this result of GK (2017) with the

caveat that we assume piecewise analytic utilities.

It is important to note the forces that deliver the full revelation results in GK (2017)
and this paper are different. In GK (2017), ability to correlate experiments gives each
sender much more control over the posterior. Given any I'_; played by her opponents,
a sender i can play a different experiment for each realization of I' ;. Senders’ ability
to manipulate the receiver’s posterior belief by belief makes Proposition 2, and hence
Theorem 1, much easier to prove. In our setting senders have less control over posteriors;
the strongest tool a sender has is using extreme interim beliefs to ensure poteriors are
similarly extreme. The mechanisms by which senders can take advantage of the state
not being fully revealed in our model require less complexity. As we discuss later in the
section, a key contribution of this paper is to show zero-sum competition in persuasion
typically generates full information even when senders have access to lower complexity

technology.

6.2.2 Limited CI experiments

Ex-ante, one may think that zero-sum competition is most favorable to information pro-
duction and hence that our results are not surprising. The following example demonstrates
that these results are not obvious and depend on the set of strategies senders have access

to.

Example 1. Suppose N = M =2 and let 7 = %

Sender preferences are zero-sum and are defined as follows:

o ui(B) = us(B) =0 for all B & {0.25,0.26,0.74,0.75}

e 4,(0.25) = u1(0.75) = u2(0.26) = us(0.74) =1
Define experiments I'', I'2, T'V as follows:

e Pr(l'=0.25) = Pr(I"" =0.75) =

N |

o Pr(l'?=026) = Pr(I'2=0.74) =

N |+

o PrilN=3)=pr(t"=2%)=1
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Suppose By = {T'V, T1, TV} and By, = {TV, T2, TV},

s 0 T T
-l - - -
0.0 0.25 pi=0.5 0.75 1.0

beta

Figure 5: Plots uy (blue) and us (red) in Example 1. The blue arrows show the possible interim

belief realizations for I''. The red and green arrows show the same for I'2 and TV respectively.

I'" and I'? here are experiments that realize to sender 1 and sender 2’s points of

advantage respectively. I'V provides extremely little information.

Note that £(0.74, 22) = 0.75, £(0.75, 2) = 0.74, $(0.26, 2) = 0.25, and ($(0.25, 23) =
0.26. Given this, both players have best response I'; = I'V whenever I'_; = T'V or
I'_; = I'"%. Sender i’s best response to I'_; = IV is I; = I'Y. With two senders, there
is a unique equilibrium (I'V,T'"). When only sender i € {1,2} is playing, the unique
‘equilibrium’ (Bayesian Persuasion solution) is I'; = I'". Note that I'" and I'* are both

strictly more informative than the strategy profile (I'V, T'V).42

4270 see this note that T'! and I'? both only induce posteriors outside interval (0.26,0.74). (I'V,TV)
induces posteriors inside (0.26,0.74); as we are in a binary-state setting, this means that I'' and I'? are

both mean preserving spreads of the (I'V,T'V).
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Consider the game with 2 senders. As no feasible strategy profile fully reveals the
state, it is not surprising that our full revelation results collapse in this example. What is
more interesting is that zero-sum competition here results in less information in equilib-
rium than the receiver(s) would obtain with any one sender being the sole persuader.344
Hence if senders have limited sets of experiments available, it is possible for competition
to decrease equilibrium information. In this example, this occurs because both senders
play low information experiments, I'", which given the available experiments make it im-
possible for their opponent to make use of her advantage points. Though one may think

zero-sum competition should intutively lead to more information, this is only true when

senders can choose from rich enough sets of experiments.

The following examples and results show that while very limited sets of CI experi-
ments will break our results, if senders have access to some simple classes of experiments

but not all CI experiments, our results go through.

Example 2. Two lobbyists, 1,2, persuade a politician to vote yes/no (Y /N) on a bill.
They do so by commissioning scientists to conduct studies revealing information about a
state w € {0,1}. The politician will vote yes on the bill if at her posterior Pr(w =1) > 0.5
and no otherwise. Lobbyist i receives payoff, u;(a,w) where a € {Y, N} is the politician’s
vote. As in Section 4.1, we assume all senders have strict preferences over actions at both

states and that payoffs are zero-sum for each (a,w).

As an example, suppose the bill would place restrictions on chemicals manufacturing
firms can use in producing household goods. If w = 1 these chemicals are harmful and
if w = 0 they are not. Lobbyist 1 represents the firms and wants the bill to fail, say
uy (N, w) > uq(Y,w) for all w, whereas lobbyist 2 is a consumer protection advocate and
has the opposite preferences. Each lobbyist has a scientist (scientists 1,2) who will study
the chemical’s effects on humans. Each scientist 1,2 has their own test they use on a
human subject to determine the chemical’s effect on the subject; the only dimension the

lobbying firms can control is how many subjects their scientists test.

We can think of scientist 1 and 2’s individual tests as some experiments I'*, I'?; assume
that T'1, T2 ¢ {TV, TR} —testing an individual subject is not totally uninformative or
fully informative about the effects on the population. Let experiment I''(K) represent

the experiment induced by repeating I'* K times conditionally independently. Lobbyist ¢

43Note that if both senders were able to fully reveal the state, then while there would be a fully revealing
equilibrium, (I'V, ™) would remain an equilibrium. Hence going from 1 to 2 senders would still create

a strictly less informative equilibrium while also creating a strictly more informative one.
44 This fact does not depend on senders having different strategy sets. We can construct a similar but

more cumbersome example where F; = Fs.

33



can play experiment I''(K) by asking scientist i to test K subjects. We assume scientist
i can repeat ['" an arbitrary number of times. As K — oo, note that I'"(K) will fully
reveal the state; this is because I'" is not totally uninformative and hence an arbitrarily
large number of copies will reveal the state with arbitrary certainty (follows from Law of
Large Numbers). As the limit of infinite repetitions, we allow each sender i to fully reveal
the state as well. Hence sender ¢ has access to experiments F; = {I"(K)}5e_, U{T'* %} for
i=1,2.

Each sender has access to a much smaller set of experiments than the set of all CI
experiments. However, each can fully reveal the state; this implies Lemma 1 property
(1) must hold. Further, by choosing large enough K, a sender can ensure the state is
almost fully revealed with high probabilility and that posterior beliefs concentrate close
to 0 and 1. If I'_; is not fully revealing the state and sender ¢ has advantages close to 0
and 1, sender 7 can obtain a strictly positive payoff by playing I'(K) for large enough K.
If 7 has an advantage close to 1 but a disadvantage close to 0, this sort of deviation may
still give 7 a strictly positive payoff depending on the relative sizes of the advantage and
disadvantage. It turns out, that for generic payoffs {u;(a,w)}, some sender will be able to
obtain a strictly positive payoff when her opponent is not fully revealing the state. This

implies:

Result. For generic payoffs the state is fully revealed in every equilibrium.

The intuition from Example 2 extends more generally. We say an experiment I’
is asymptotically sufficient if: (1) T # T'Ff and (2) T'(K) converges in distribution to
I'"? as K — oo. In the binary-state case, I' is asymptotically sufficient if and only if
I # I'Y. More generally, I is assymptotically sufficient if the convex hull of its support has
dimension N —1; when this is true, then repeating I' generates sufficient information about
the relative probabilities of states to guarantee convergence to I'''%. If each player has

access to ['F'lt

and an asymptotically sufficient experiment which she can repeat arbitrarily,
then we can find a sufficient condition for the state to be fully revealed in all equilibria
(satisfied in all but a knife-edge case).’® This result is easiest to state in the case of a

single receiver with finite actions:

Proposition 8. For each sender i let E; = {T"(K)} i} U{TTE} for some asymptotically
sufficient T*. There is a single receiver with a finite action set who breaks indifferences in
favor of higher actions. Generically, the state is fully revealed in every equilibrium if the

receiver has a different best action at every state.

45Tf no sender has access to the fully revealing experiment then there can be issues with equilibrium

existence. I'F'® needs to be included as a limiting case of infinite repetitions.
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As a sender ¢ repeats an asymptotically sufficient informative experiment, interim
beliefs T%(K) converge to full revelation. For any fixed I'_;, posterior beliefs do as well.
Depending on i’s relative advantage close to each ¢;, this may be good for i (for instance
if 4 has an advantage close to all ¢;). We show that generically, if states [ and k are
being pooled, some sender ¢ can deviate obtain a positive payoff by repeating I'* whenever
the receiver prefers a different action at [ and k; this violates Lemma 1 property (1)
(extended to this setting). This implies that the receiver will always learn enough to take

her first-best action and also implies the proposition.

Proposition 8 gives us a simple class of conditionally independent experiments that
is sufficient for the receiver to learn adequately (or, enough that no further information
would help) under zero-sum competition. This class is in a sense coarse, but provides
senders with the necessary flexibility: ability to force posteriors into extreme regions of

advantage. We give one other example of a set of experiments that does the job.

Suppose for all i E; = {I' : Ja € [0,1] s.t. VE € Q, Pr(I’ = ady + (1 — o)) = 71}
Each E; contains all convex combination of I'V and I'*; this can be interpretted as senders
having access to only these two experiments and randomizing. With these strategies, in
the single receiver model, again, the state is fully revealed in every equilibrium if the
receiver has a different best action at every state. The argument is similar to that in the
previous example: again senders as able to fully reveal the state (so Lemma 1 property

(1) holds), and are able to almost fully reveal the state.

7 Extensions

In this section we consider a few applications that fall outside the scope of our model’s
assumptions. We use these applications to highlight that our analysis applies more broadly

to many real-world settings.

7.1 Persuading a judge/jury

Consider a criminal court case; there is a state w € {I,G} (the defendant is innocent
or guilty). Senders P, D are prosecutor/defense attorneys and will choose what evidence
to search for (experiments) in order to persuade the receiver, a judge or jury. After
hearing the arguments of the prosecution and defense (i.e. observing experiments and

their realizations), the judge/jury will update their beliefs on w and make a decision. If,
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given the evidence presented Pr(w = G) > 0.9, i.e. the posterior is strongly in favor of
the defendant’s guilt, the judge/jury will convict the defendant. If after updating Pr(w =
G) < 0.3, the judge/jury will acquit the defendant. Finally, if Pr(w = G) € (0.3,0.9),
there is a mistrial and no verdict (e.g. the judge does not have enough evidence to make

a ruling or the jury is hung).16

The prosecution gets a payoff of 1 from conviction, —1 from acquittal, and r, €
(—1,1) from a mistrial. The defense gets payoff 1 from acquittal, —1 from conviction,
and r4 € (—1,1) from a mistrial. Note that for posterior beliefs 8 € [0,0.3] U [0.9, 1], the
game is zero-sum (for exposition, we do not normalize payoffs at § = 0 and § = 1 to
0). However, we make the assumption that 7, + 74 < 0 ; when there is a mistrial, there
is a loss in sender ‘surplus’ (or, the sum of sender payoffs). In a common law system, a
mistrial can result in a retrial; this loss in surplus could be due to both attorneys bearing
a cost of preparing for a retrial or from attorneys discounting their payoffs as it will take

another trial to reach a verdict. Figure 6 gives an example of such payoffs.

1 ] ]
0.1} o, O i
s 0
1 ] e
0.0 0.3 0.9 1.0
beta

Figure 6: Example of u, (blue) and uq (red) with r, =r4 = 0.1

46]f this is an adversarial legal system, we can think of 0.9 as the threshold of ‘reasonable doubt’. If,
more specifically, this is a common law legal system and the receiver is a jury, we can think of 0.9 as
the threshold above which jurors are all convinced of the defendant’s guilt beyond reasonable doubt.
Below 0.3, jurors are unanimously convinced there is not enough evidence to convict and for beliefs in

the interval (0.3,0.9) the jury has a divided opinion and is hence hung.
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This game is not zero-sum —attorney/sender surplus is smaller at intermediate be-
liefs, (0.3,0.9), then at extreme ones. Hence, although utilities are nonlinear, we may not

expect our full revelation results to hold. Despite this:
Result. The state is fully revealed in every equilibrium.

To see why this holds, first note that the jury must be hung w.p. 0 in all equilib-
ria. For any strategy profile (I'y,I's) at which the jury is hung w.p. > 0, Uy(I'y,T's) +
Uy(T'1,T'y) < 0. But full revelation guarantees that the sum of sender ex-ante expected
utilities equals 0; hence some sender must strictly benefit from deviating from this strategy

profile to full revelation.

As the jury is hung w.p. 0 in all equilibria, all equilibria place probability 1 on
extreme posteriors, [0,0.3] U [0.9,1], for which u; + us = 0. Our argument in proving
Proposition 1 used beliefs at extremes of the interval. As the game is zero-sum for such
beliefs, the prosecution has an advantage on [0.9, 1], and the defense has an advantage on

[0,0.3], the same argument implies all equilibria are fully revealing.

Generalizing the example. This same intuition generalizes beyond this example.
Consider a nonzero-sum game otherwise identical to our baseline model. At any posterior
B, we define W(5) = Zf\il u;(/3) as the sender surplus at this posterior. As in the example
above, whenever W (/3) is maximized at and in the neighborhood of fully revealing pos-
teriors and close to each fully revealing posterior some sender has an advantage, then we
have full revelation in every equilibrium. This latter condition is guaranteed by Condition
1, and so we have the following sufficient condition for full revelation in all equilibria of

nonzero-suin garmes:

Proposition 9. Suppose that there ezists neighborhoods of o1, ...,0n such that W(B) is
maximized in each of these neighborhoods. Suppose for every I,k € Q) some wu; satisfies

Condition 1 on A({l,k}). Then the state is fully revealed in every equilibrium.

The proof follows from the logic above and the proof of Proposition 2 applied to pairs
of states (see Appendix A).

Notice that if W(p) is uniquely maximized at d1,...,0x then the argument above
implies that for every non-fully revealing (I'y,...,I'y;), some sender can profitably deviate

to I'F2. Hence, if this is the case then we also have that all equilibria are fully revealing.*”

While it may not be surprising that we can guarantee full revelation in all equilibria

4TThis logic is similar to that of Gentzkow and Kamenica (2017a) Proposition 1.
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of nonzero-sum games in cases where full revelation maximizes sender surplus, it should
also not be surprising that our results collapse when sender surplus is not maximized by
full revelation. If sender surplus is only maximized at interior posteriors, then it is easy
to construct payoffs for which senders collude to reveal little information to the receiver

in equilibrium.

7.2 Competition in advertising

Consider a game in which two firms (senders 1,2) selling cars compete for the demand
of a single consumer (the receiver). The state-space here is two dimensional. First, the
consumer has a willingness of pay w € {l = %, h = 1}. Second, one firm b € {1,2} has

a higher quality car. Assume w and b are drawn independently and the state is the pair
w = (w,b).

At the start of the game, firms simultaneously choose advertising strategies (experi-
ments) to reveal information about w. After viewing these ads and updating her beliefs
on w, the consumer purchases exactly one car and pays her expected willingness to pay at
her posterior belief; that is, she pays %Pr(w = 1)+ 1Pr(w = h). The consumer purchases
the car 1 if it is more favorable at her posterior, if Pr(b=1) > %, and car 2 otherwise (the
tie-breaking rule does not matter). Firm ¢ gets a payoff equal to the revenue it receives:

sPr(w=1)+ 1Pr(w = h) if its car is bought and 0 otherwise.

Discussion of setup. We can think of advertisements here as revealing information
about the value of the car to the consumer (e.g. if an advertisement shows how a car is
valuable for commuters, then the consumer may increase her estimate of the car’s value
if she is a commuter) and about the relative qualities of the two cars (e.g. firms can
include characteristics, say mileage, which can be compared across cars). We assume
that initially, information about the consumer’s willingness to pay is symmetric. It is
reasonable to think the consumer does not initially know her own willingness to pay for
a product and that advertisements (here experiments) inform her of the value of the

product.

As in the previous section, this game is not zero-sum (or constant-sum): firm/sender
surplus is increasing in the consumer’s expexcted willingness to pay. However, note that
for any belief the consumer holds on w, firms have the same preferences over her belief
on b (up to scaling); furthermore, for any belief on w, firm preferences over beliefs on b

are constant-sum. This implies:
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Result. In every equilibrium the consumer learns (fully) which car is better.

Senders in this game agree on one dimension of the state-space, w. However, their
disagreement on the other dimension of the state-space, b, is constant-sum and is unaf-
fected by beliefs on w. As for any fixed belief on w the arguments of Proposition 1 will

imply that b is fully revealed, it must be that b is fully revealed in all equilibria.

Generalizing the example. The same result applies whenever w is composed of two
independent dimensions with zero-sum disagreement on one dimension that is unaffected
by the other. Formally, suppose w; and wy are drawn independently from finite sets 2,
and Q. Let w = (wy,ws) € Q = Q1 X Q. Any belief 5 € A(Q2) on w can be written
as B = (v,n), where v € A(€) is a belief on wy, and n € A(£y) is a belief on w,. We
write sender utility functions over the receiver’s posterior as u;(7y,n). We say senders have

zero-sum preferences on §2y that are uniform in Qs if:

M
(1) for all n € A(€2y) there exists ¢ € R such that: Zui(%n) =c for all y € A()

=1

(2) for all n,n" € A(€y) there exists d, e € R such that w;(-,n) = du;(-,n") + e for all senders i

Part (1) of this definition says that for each belief  on ws, senders have constant-
sum preferences over the receiver’s beliefs on wy. Part (2) requires that, up to linear
transformations, sender preferences over beliefs on w; are not affected by the receiver’s
belief on wy; this will imply at sender preferences over experiments on w; will not be
affected by the receiver’s belief on wy. Under these conditions, if for any fixed belief on
wy sender preferences satisfy Theorem 1’s conditions for fully revealing wy, w; is fully

revealed in all equilibria.

Proposition 10. Suppose senders have zero-sum preferences on §21 that are uniform in
Q. Fiz any n € A(Qs). wy is fully revealed in every equilibrium if and only if for each
l,k € Qy some ui(vy,n) is nonlinear in vy for v € A({l, k}).

The proof follows immediately from the logic above. Proposition 10 is not surprising
but is significant. Our analysis can be useful in (special) nonzero-sum settings for which

senders have zero-sum disagreement over some dimensions but not others.
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8 Conclusion

We study a multi-sender Bayesian Persuasion game. The substantive assumption is that
senders are maximally competitive and have zero-sum preferences over the the receiver’s
posterior belief. In our baseline model senders employ conditionally independent experi-
ments and we show that for typical sender preferences, the state is fully revealed in every
equilibrium. Further, we show that zero-sum competition cannot decrease equilibrium
information provision. Our results do not critically rely on conditional independence:
they apply when senders have access to technology to that is richer than the set of all
conditionally independent experiments as well as, in some cases, when sender technology

1S coarser.

In the paper we consider various real-world applications of our model. Many of these
applications involve games with a single receiver who chooses from a finite actions set.
We show that in these settings our results take a clean form: the receiver always learns
enough to attain her first-best payoff. While our results are very positive for a single
receiver, the consequences of full revelation (or of a lot of information being revealed in
equilibria) on receiver welfare need not be positive in games with multiple receivers with
conflicting interests. While our results indicate that persuaders with opposing interests
will tend to produce a lot of information in equilibrium, whether this is ‘good’ or not will

depend on the setting.
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A Appendix A: Proofs

Definitions and Facts. The following definitions and facts are used in both Supple-

mentary Appendix A and B.

Let P be the set of Bayes-plausible finite support elements of A(A(2)). It will be
convenient to talk about a strategy for sender ¢ as a choice of interim belief I'; with
probability mass function p; € P (in the text of the paper we did not introduce notation
for the distribution of I';).

For any strategy profile (I'1,...,I'5s) and subset of senders S C {1,..., M}, let the
random variable I'g be the receiver’s belief after observing realizations of {I'; } e but not
the realizations of {I';},«s; let pg be it’s probability mass function and pg(-|w = k) be its
probability mass function conditional on the state being k. Let I'_g and p_g be the same

objects for the complementary set of senders.

For any disjoint subsets of senders S, 5" C {1,..., M} and any fixed strategy profile

(T'1,...,Tar), let pgr(+|z) be the probability mass function of I's: conditional on I's = z.

Pr(w = kly)ps (y)

s (vl) = Y ps (vl = k.2 Pries = kiT's = 1) = 3 pr(yle = Ry = 3 oSO
keQ keQ ke o

-y TrYrps (Y)
Tk

ke

(3)

Where the second equality comes from conditional independence of I'g and I'g,. Claim
1 tells us that conditional on I'g, with probability 1 I'g: assigns positive probability to
at least one state that I'g assigns positive probability to (i.e. I'ss cannot contradict I'g).

This is a simple implication of Bayesian updating.
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Claim 1. For any disjoint subset of senders S,S’, I's,I's:, and x € A(2): pg(ylx) =0
for ally s.t. y, =0 for alll € Q for which x; > 0. Further, there exists y € supp|l'g]
such that py(ylx) > 0.

Proof. The first statement, that pg (y|x) = 0 for all y such that y; = 0 for all [ for which
x; > 0, follows immediately from Equation 3. The second statement follows from Bayes-
plausibility of I's:. For every [ such that x; > 0, as m; > 0, there exists y € supp[l's/] with
y > m > 0; by Equation 3, p(y|z) > 0 for such a y. O

Let Bi(x!,...,2M) = Pr(w = l|z}, ..., 2™) be the receiver’s posterior belief that w = [

after observing experiment realizations I'; = 2, ...,'y; = 2. By Bayes rule:

Pr(Ty=z'..,Ty = xM]w =1)Pr(w=1)

1 My _
Al ) = Pr(n — b, Ty = )
_ [0 i (2w = D]y L o (1)
B N r(w z?)p; (x?

S (il = B Prw = k) S, [, PRt

[0, i) /m"

Zk; [ 13%]/77M !

Where the second equality uses the conditional independence of I'y, ..., I'j;. Note that
B; is not well defined when for each state k& € () there exists sender j with xi = 0. However
it is straightforward to see by applying Claim 1 that such a realization of (I'y,...,I'5)
occurs with zero probability; after viewing the realizations of any number of experiments,

the Bayesian receiver will have a well defined posterior w.p. 1.

For any strategy profile (I'y, ..., I'y/) and disjoint sets of senders Sy, ..., St, we similarly
define define the receiver’s posterior as a function of interim belief realizations from each

experiment: {FSS = yss}szl,...,T'

yz /7T
By, ..., y°") = — (5)
Zk:l szlyk /7Tk o

Note: I's,u..usy = B(L'sy, ..., sy ), as both define the receiver’s belief after observing

realizations of I's,, ..., I'g,.

Claim 2 shows that if any subset of experiments in a strategy profile generate an

interim belief in A(€2") then the posterior will fall in A(Q2') w.p. 1.
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Claim 2. For any strategy profile (I'y,...,Tar), disjoint subsets of senders Sy, ..., St, and
states U C Q, if I's, € A(Y) then B(L's,, ..., I's,) € A(Y) w.p. 1.

Proof. This can be seen from the definition of 5(y°!, ..., %) which implies 3;(y**, ..., y°7) =
0 for all I & Q. After observing I's, € A(§'), the receiver updates to an interim belief
assigning 0 probability to all states outside of €. No additional information can change

this. 0

Claim 3. For any strategy profile (I'y,...,Txr), ' C Q, and any subsets of senders S: If
[s does not pool QU then (I'y,...,I'zs) does not either.

Proof. Let S" = {1,.... M} \ {S}. As I's does not pool €, then Pr(I's = y : s.t. y; >
OVie V) =0. If I's =y, I'ss = ¢/, then by Equation 5, if y; = 0 then S;(y,y’) = 0.
Hence as w.p. 1 I'g assigns 0 probability to at least one state in ', 5(I's,'sr) does as
well and so (I', ..., 'ys) does not pool €. O

A.1 Section 2

Normalization of utility functions. Here we show that we can normalize w;(d;) = 0 for
alle=1,...,N, [ = 1,..., M without changing senders’ preferences over strategy profiles

or the zero-sumness of the game.

Suppose senders have utility functions u/,...,u), with v} + ... + v}, = 0 for all g.
For i = 1,..,M let a; : A(2) — R be the affine function o;(8) = — >, fu;(;). For
each i, define the function u; : A(Q) — R as u; = u, + «;. Then u;(6;) = 0 for all
1, | = 1,...,N. Note that utility function u; preserves the same preferences over strat-
egy profiles as uj, as for any strategy profile (I'y,...,.I'as), Ep o pu [wi(B(T1, .., Tr))] =
Ep, ..o i (B(C1, ., Tar))] — D2, mui(6;) - the latter term is a constant. Finally note that
a1(B) + ... + apy(B) =0 for all g € A(Q), so ug + .... + upr = 0.

A.2 Section 3

Lemma 1. General Case: In any equilibrium (I'y,...,Ty): (1) Uy(Tq,...,Ty) = 0 for
i=1,..,M and (2) Wi(z) <O0forallz € A(Q) and i =1, ..., M.

Proof. We prove (1) first. First note that as the functions {u; };=1, s are zero-sum, so are

.....

{U;}:. To see this, fix any (I}, ...,I"},) and let I" be the random variable representing the
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receiver’s posterior after viewing all M experiment realizations and p’ be its pmf. Then
211\11 Ui, Thy) = 22 Zﬁesupp[rf] ui(B)p'(8) = ZﬁES'u,pp[F/] p'(B8) > uwi(B) = 0. Next
note that any sender i choosing I'; = T'F'2 yields U;(T*%,T'_;) = 0 for all I'_;. Hence in
any equilibrium (I'y,...,'5s), each sender gets U;(I'y,...,I'y7) > 0. Finally no sender can
have U;(I'y, ...,Tar) > 0 as this would imply U;(I'y, ..., T'ss) < 0 for some j # i.

For (2) we prove the contrapositive. Fix any sender 7 and opponents’ strategy profile
I'_; such that W;(x) > 0 for some z € A(Q); we will show I'_; cannot be played in
equilibrium. Consider the strategy I' with distribution p; and support only on x and
{6 }i=1,..n. Set pi(z) > 0 small enough such that m — z;pi(x) > 0 for all | (such a
value exists as m; > 0 for all [). Bayes-plausibility implies we must have: p}(&;) = m —
xpi(x) > 0 for all states [ (as the support of I", is {x,d1,...,0n}). Then U;(T,T'_;) =
Wi(x)pi(x) + >, wi(0)pi(6) > 0. Property (1) of the lemma implies I'_; cannot be played

in equilibrium; hence W;(z) < 0 for all 7 in any equilibrium. O]

Proposition 1. Proposition 1 is implied by Proposition 2, proven in the next section.
However, as the proving Proposition 1 is much simpler than Proposition 2, we provide a

proof here for exposition.

Proof. The ‘only if’ direction is trivial. If u; is linear so is us. Under our normalization
of u1(0) = uy(1) = 0, this implies that u;(f8) = us() = 0 for all 5 € [0,1]. Hence both

senders are indifferent across all strategy profiles and any (I';,T's) is an equilibrium.

Now for the ‘if” direction. Suppose u; (and hence us) are nonlinear. Let ¢ = sup{f3 €
[0,1] : uy(B) # 0} be the supremum of posteriors at which uy, us are nonlinear. We prove

the result in two cases.

Case 1: ¢ = 1. If ¢ = 1, then by the piecewise analycity of uq, us, there exists r < 1
such that either ui(8) > 0 or uy () < 0 for all g € [r,1). If uy(5) < 0 then us(B) > 0,
and so WLOG (we can always relabel senders) we assume uy(3) > 0 for all g € [r, 1).
Suppose for contradiction that sender 2 plays a non-fully revealing strategy I's in some
equilibrium. As Ty # TFE Pr(0 < Ty < 1) > 0; let y = min supp([['s] \ {0,1} € (0,1) be
in the smallest interior belief in the support of I'y. Using the definition of 3(x,y), define
x by f(x,y) = r. Conditional on I'y = z € [x,1), B(x,y) € [r,1) for all interior y in I'y’s
support. But then for all z € [x,1) we have:

45



Wi(z) = ui1(B(x,0)) Pr(ly =0Ty = z) + u1(B(z, 1)) Pr(ly = 1Ty = o)+

> w(Bx,y) Pr(ly =yl = z) > 0.

7\

N
yEsupp[l'2]\{0,1} >0 >0

This contradicts Lemma 1 property (2) and hence 'y = I' in all equilibria.

Case 2: ¢ < 1. We break this case into two subcases.

First suppose u(q) # 0. WLOG assume u;(q) > 0 (if not then us(q) > 0). Suppose

for contradiction I'y # ' in some equilibrium. Then let r = ¢ and define v, x as before.

Again Lemma 1 prpoerty (2) is violated as:

Wi(x) = w1 (B(x,0)) Pr(T's = 0|T'y = x) + ui(B(z, 1)) Pr(l'y = 1|I'y = x)+

> wBly) Prly =y =x) >0+ u(B(xy) Pr(l> = y|I'h = x) > 0.
yGSum)[Fﬂ\{O:LX} ;,O ;,0 =u1‘(;‘)>0 ;,0

Now suppose u1(q) = u2(q) = 0. Then by piecewise analycity of utilities either
ui(q~) > 0 or uz(q~) > 0. WLOG assume u;(¢~) > 0 and suppose for contradiction
Iy # I'F2 in some equilibrium. Define y as before. There exists r < ¢ and x such that

uy > 0 on interval [r,q) and B(x,y) = r. Then we have W;(x) > 0, violating Lemma 1
property (2).

A.3 Proof of Proposition 2
A.3.1 ‘Only if’ direction.

Suppose for some Q' C 2 all senders have linear utilities on A(€'). Let 2’ € A(Y) with
r) = «—2— Vk € . Consider the experiment I with Pr(I" = §;) = m for all [ &

Zneﬂl Tn

and Pr(I" =2') = > .o ™. 1" is Bayes-plausible and has finite support. The strategy
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profile (I, ...,T”) is an non-fully revealing equilibrium. To see this consider a sender i’s
incentive to deviate. If w € Q' then I'_; € A(QY) = [(I'1,....,Tnm) € AY) wp. 1
(Claim 2); as u; is linear on A(€'), ¢ has no profitable deviation conditional on w € €.
Conditional on w ¢ €V, I'_; fully reveals the state and no deviation from ¢ can change

this.

A.3.2 ‘If’ direction.

Let A™(QY) = {y € A(Q) : 3 > 0Vl € }; this is the set of beliefs in A(Q') whose
support is €)',

We first prove the result for the case of |2'| = 2. This case is simpler than the case
of || > 2 and is of particular interest because Theorem 1 only relies on Proposition 2
with Q] = 2.

Proof for || = 2.

Proof. WLOG let ' = {1,2}. Suppose some sender i has u; nonlinear on A({1,2}). For

~~~~~

If u;(y) < 0 then uy(y) > 0 for some sender i’ (zero-sumness); otherwise wu;(y) > 0.

Regardless, we have that r’ exists and is > 0.
WLOG let j = 1. We prove the ‘if” direction in 2 cases.

Case 1: " = 1. uy is piecewise real analytic and so A({1,2}) can be partitioned into
intervals each of which w; is real analytic on. Each v € A({1,2}) can be represented by
scalar 2 —how close it is to dy. For some a € [0,1), u; is real analytic on an interval {y €
A({1,2}) : 72 € (a,1)} (this a € [0,1) is not unique; any selection will do). This implies
that there are a finite number of points (possibly zero) on {y € A({1,2}) : 72 € (a,1)} at
which w; = 0. As 7’ = 1, there exists r € (a, 1) such that u;(y) > 0 for all v € A({1,2})

s.t. 72 € [r,1) (again, this r will not be unique; any selection will do).

Suppose, for contradiction, that some equilibrium (T'y, ..., T'y/) pools {1,2}. Then we

must must have Pr(I'_; =y s.t. y1,52 > 0) > 0, i.e. I'_; pools {1,2}, by Claim 3.

Let Z = {y € supp[l'_1] : y1,y2 > 0}; Z is nonempty. For any x € A™({1,2}) and
y € Z, we have p_(y|lr) > 0 and S(z,y) € A™({1,2}) (by Claim 2 and equation 4).
Note that as x — 0; we have f(x,y) — 01 = [2(z,y) — 0 and as x — Jy we have
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B(x,y) = 6o = Po(z,y) = 1. As Z is finite, this implies minyey, B2(z,y) goes to 0 as
r — & and mingey fo(x, y) goes to 1 as v — do. As for all y € Z Sy(z,y) is continuous in
x for x € A™({1,2}), minyez f2(z,y) is also continuous in z for z € A™({1,2}). By the

intermediate value theorem there exists x € A™ ({1, 2}) such that minycz fa(x,y) = r.

Note that by equation 4, 5(x,y) = 6 for all y € supp[l’'_1] with y; > 0 and ys = 0;
similarly 5(x,y) = 09 for all y € supp[I'_1] with yo > 0 and y; = 0. Finally by Claim 1,
p_1(ylx) = 0 for all y € supp[I’'_1] with y; =y = 0.

Putting this together:

Wi(x) = Z u1(d2) p—1(ylx) + Z u1(01) p-1(ylx)

yEsupp[l' 1] =0 yEsupp[l'_1] =0
y1=0,y2>0 201 50
+ 3 w(Blxy)) poiylx) > 0
ez ——
Y >0 >0

This contradicts Lemma 1 property (2). Hence no equilibrium can pool {1, 2}.

Case 2: r' < 1. First, if uy(r") > 0, then set » = r’ and derive x just as in Case 1.
As in Case 1, we have Wy(x) > 0, violating Lemma 1 property (2). Next if uy(r") < 0,
then some sender ¢ # 1 must have u;(r") > 0 (zero-sumness); we can relabel sender i to 1

and repeat the same argument.

Next assume uy(r') = 0. Now for some a € [0,7'), u; is real analytic on an interval
{v € A({1,2}) : 72 € (a,7’)} (this @ € [0,7') is not unique; any selection will do). This
implies that there are a finite number of points (possibly zero) on {y € A({1,2}) : 7, €
(a,r")} at which u; = 0. This implies that there exists r € (a,7’) such that u;(y) > 0 for
all v € A({1,2}) with v, € [r,7’) (again, this  will not be unique; any selection will do).
Note that ui(y) > 0 for all v € A({1,2}) with 7y, > 7.

Suppose, for contradiction, that in some equilibrium (I'y,...,I'y;) pools {1,2}. We
follow identical steps in defining Z and x. Note that for all y € Z, fBr(x,y) € [r,1) =
u(B(x,y)) > 0. By the definition of x, there exists y € Z such that f(x,y) = r =
u(B(x,y)) > 0. For all y € supp[l'_1] \ Z either B(x,y) € {01,02} or p_1(y|x) > 0. Hence
Wi(x) > 0, violating Lemma 1 property (2). O

Now we proceed with the analysis for || > 2.
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General Analysis.

Suppose some u; is nonlinear on A(€)'). Fix a strategy profile (I',...,I'y) that pools
2 let I" be the experiment induced by observing the realizations of all M experiments
and p be its probability mass function. We show, via violation of Lemma 1 property (1),
that (I'y,...,I"5s) is not an equilibrium. To do this it sufficies to identify a sender j and an
interim belief x such that when I'y,...,T"); are played, conditional on generating interim
belief x (from an experiment played additionally and conditionally independently to I';)
J gets a strictly positive expected payoff: : E[u;(5(x,I"))] > 0. As in the proof of Lemma
1 property (2), j can then construct an experiment F;- with support on {4y, ..., dn,x} and
obtain a strictly positive payoft by playing F; in addition to, conditionally independently,

I';. The remainder of the proof shows that such a sender j and x exist.

Fori=1,...Mlet A, = {y € A(Q) : wi(y) >0} and D; = {y € A(Q) : w;(y) < 0}
be the sets of posteriors at which ¢ has an advantage and disadvantage respectively. Let
A = U;A; be the union of these advantage sets (also equal to the union of disadvantage

sets as utilities are zero-sum) and cl(A) be its closure.

We say a subset of states © C Q (|0] > 1) is minimal if ANO #Pand O NA=10(
for all © C ©. Note that if A is empty, then there are no minimal subsets. Meanwhile if
A is nonempty, any subset of states that intersects A (i.e. any set © for which some w; is

nonlinear on A(©)) is either minimal or has a minimal subset:

Claim 4. Every subset © C Q for which u; (for some i) is nonlinear on A(©) is either

minimal or has a subset O that is minimal.

Proof. 1If for some ¢ u; is nonlinear on A(©), then ANA(O) # . Either O is minimal, or
there exists a subset © C © that intersects A. Now set © = ©' and repeat this process
until © is minimal; it must be minimal at some point because € is finite and states are

removed from © each iteration. OJ

By Claim 4, it is sufficient to prove Proposition 2 for minimal €2’ alone. If all minimal
sets cannot be pooled in equilbirium, then any set on which there are nonlinear sender
preferences cannot be pooled, as all such sets have a minimal subset. Henceforth we

assume € is minimal.
Let [€] = K < N and WLOG let ¥ ={1,..., K}.

It is convenient for us to represent any belief v € A(€') by the ratios (r1(7), ..., 7xk—1(7)) €

(Ry U {oo})®~1 where for k = 1,...., K — 1. (1) me(y) = #j’{m when 1 — ZL v is

49



nonzero, (2) when this doesn’t hold ri(v) = oo if 7, > 0 and ri(y) = 0 if 7, = 0. We call
this the ratio representation of 7. The ratio ri(7y) tells us the ratio of probability mass

assigned to state k£ by v to the mass assigned to states k + 1, ..., K.

Lemma 2. Note for any v,v € A() we have ri(y) = rg(y') for all k =1,..., K — 1 if

and only if v =4'; that is, ratio representations for beliefs in A(Y) are unique.

Proof. The ‘if” direction is trivial; we prove the ‘only if” direction as follows. First suppose
r(y) < oo for all k = 1,..., K — 1. This implies that 1 — Zle v, is nonzero for all k
(or else, let k' be the minimum & for which 1 — Zle v = 0; but then we must have
Y >0 = rp(7y) = oo —contradiction). But then from its definition, r; uniquely pins

down v (91 = le(v()))’ after which 7o pins down s, ..., rg_1 pins down vx_1, and g

is pinned down by 1 = Zzl; ). Now suppose 17 () = oo for some k”. Note that this
implies vy, = 0 for all k£ > k”; further, 1 — Zle v > 0 for all k£ < k” and hence ri(v) < 0o
for all k& < k”. Then 71, ...,y _1 are uniquely pinned down by using the definitions of
1(7), o i1 () (just as in the previous case). e is pinned down by 1 =321 ~. O

The the continuity of () on part of A(€2') will be useful later:

Claim 5. Fork=1..., K — 1, r¢(v) is continuous in v for v € A({k,..., K}) \ {}-

Proof. ry(v) = 1= Z’“ Ye- Asy € A({k, ..., K}), the denominator is strictly positive when

v < 1 and so 7(7y) is continuous in 7 on this domain. ]

The following simple results will be useful.

Lemma 3. Suppose K > 2. Foranyl < L < K, letx € A({L,...,K}), ' € A({1,
1}) and y € A(Q). If B(x,y) is well defined,"® then ri(B(A\x’ + (1= N)x,y)) = 1y (B(x y))
forallk=1L,...,K —1and X\ € 0,1).

Proof. For any n € €,

Az, +(1A=NTn)yn

/ — Tn
Bn()\l' + (1 - /\)ZL’, y) - N Q2 +(1-Nz, )y,

/I —
n'=1 T

For k > L:

48From its definition, one can see 3(z,v) is only not well defined when y assigns probability 0 to every

state that x assigns strictly positive probability to.
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: Pe((Ar’ + (1 — N)z), y) (Azg, + (1 = N)w)yn/m
Tk Az —ANz), = —% = —x%
Bl + ok ¥)) Zn:k+1 Bu((A2' + (1 = N)z),y) Zn:k+1<)‘x;1 + (1= N)2n)yn/Tn
(1 = Nagye/mx _ TrYr/ Tk

(1=X) quj:k-i-l TnYn/Tn Zivzk-u TnYn/Tn

whenever the denominator is nonzero; when the denominator is nonzero, this expres-
sion is equal to rx(B(x,y)). When the denominator and numerator are zero, ri(8(Az" +
(1 = MNz,y)) = re(B(z,y)) = 0 and when the denominator is zero and the numerator is
nonzero, r(B(Ax' + (1 — Nz,y)) = ri(B(x,y)) = .

[
Claim 6. Suppose K > 2. For anyl1 < L < K, let x € A({L,...,K}), 2’ € A({1,...,L —
1}) and y € A(Q). If B(x,y) and 5(2',y) are well defined then Bp(Ax’ + (1 — Nz, y) =
ABe(2',y) + (1 — N)Br(x,y) for all X € [0,1], k=1,...,N.
Proof. Simple algebra. m

Let Z = {z € supp[l'] : z, > 0 for all n € }. Note Z is nonempty as (I'y,...,['y)
pools . For k = 1,...,K — 1 and z € A™ (') define M, (k) recursively starting with
k=K —1:

M, (K — 1) = argmin,,7x1(8(z, 2)) (6)

M, (K—1)is nonempty as Z is. For k < K—1, let M, (k) = argmin.c s, o11)7:(8(2, 2));
these sets are nonempty for all k. For k = 1,..., K — 1 define m,(k) by: pick z € M, (k)
and let m, (k) = rp(6(z, 2)). my(k) is well defined for all k.

M, (K —1) gives the set of realizations of I' that, conditional on interim belief = being
realized from a different experiment, would induce the lowest rx_; ratio of posteriors
among those in Z. m,(K — 1) gives the value of this lowest rx_; ratio. M, (K — 2) gives
the subset of M, (K — 1) that would result in lowest rx_» ratio of posteriors conditional

on x being realized and m, (K — 2) gives this value, etc.

Note any z € M, (1) must satisfy:

re(B(x,2)) = my(k) forall k=1,..., K —1 (7)
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As B(z,y) € A(Y) (x € A™(Q)) and Claim 2), by Lemma 2, ratios m (1), ..., m, (K —
1) uniquely pin down the value of 3(x, z) for all z € M,(1). If we have |M,(1)| > 1, this
means that multiple realizations of I', z # 2/, produce the same posterior conditional on
x. This is possible when x assigns probability 0 to states z, 2z’ do not —z and 2’ differing

on these states may not affect the posterior.

Using the objects introduced above, we finish proving Proposition 2 in two cases. In
the first case, cl(A) N Q" = for all Q" C Q. This case include the example in the main
Appendix in the text of paper; the same logic generalizes. The second case to consider is
cl(A) N Q" # ) for some Q" C V.

Case 1: cl(A)NQ" =0 for all Q" C .

Lemma 4. Suppose cl(A) N A(Q") = 0 for all Q" C Q. Then there exists x* € A(Y)
and [ € cl(A) such that for all y € Z either: (1) B(x*,y) & cl(A) or (2) B(z*,y) = f.

Proof. Define the point 3 € cl(A)NA(Q) as follows. Let E(K—1) = argmax. e ana() "x—1(7)
and e(K—1) = max,cqana@) rx-1(7). Fork =1,..., K—2,let E(k) = argmax_ ¢ 511 7x(7)
and e(k) = max,ep11) k(7). Note that as cl(A) N A(Q”) = 0 for all Q" C ', we have
0<e(k) <ooforall k=1,.. K —1. Further, by Lemma 2, |E(1)| = 1 as v € E(1) must
satisfy 74(y) = e(k) for all k = 1,..., K — 1. Let 3 be the unique element in E(1).

Consider z € A™({K — 1,K}). Note that as z — 0, B(z,y) — 0x =
rk-1(B(x,y)) — 0 for all y € Z. Similarly as * — dx_1, S(z,y) = k-1 =
rrk—1(B(z,y)) = oo forally € Z. By the finiteness of Z, v — dx = minyez rx_1(6(z,y)) —
0 and * — dx1 == mingezrx_1(B(z,y)) — oo. The continiuity of f(x,y) in =,
continuity of rx_; in f(x,y) (Claim 5), and finiteness of Z together imply the con-
tinuity of mingez rx_1(8(x,y)) in . By the intermediate value theorem, there exists
e AM({K —1,K}) with mingez r_1(8(2',y)) = e(K — 1), or my (K —1) = e(K —1).

We prove the result inductively, with the previous paragraph being the base case.
Suppose we have found 2’ € A({k" + 1,..., K}) such that for all k = k' +1,..., K — 1,
mg (k) = e(k). We find 2" € A({K/, ..., K}) with mg (k) = e(k) for all k = k', ..., K — 1.
Consider z'(A\) = Ao + (1 — Nz’ for A € (0,1). As A — 1, S(z'(N),y) = oy =
re(B(2'(N),y)) = oo forally € Z and as A — 0, B(2'(N),y) — o = rp(B(z'(N),y)) —
Oforally € Z. Forall A€ [0,1),y e Z, k=K +1,... K—1, (B2’ (N),y)) = r(B(2",y))
by Lemma 3; hence changing A will leave m, (k) = e(k) for k = k' +1,.... K — 1. By
finiteness of M,/ (k' + 1), continuity of G(z'(\),y) for all y € M,/(k’ + 1), continuity of 74
in B(2'(N),y) for all y € M,/(k' + 1), and in the intermediate value theorem, there exists
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A* € (0,1) and 2" = N0 + (1 — X)2’ € A({K/, ..., K}) such that m,» (k") = e(k’). Then
mgr (k) =e(k) forall k =k, ..., K — 1.

Carrying this inductive process through until £’ = 1, by equation 7 we find z* € A(Y)
with, forally € My«(1)and k = 1,..., K—1: r(8(z*,y)) = e(k). Hence for all y € M,.(1),
B(x*,y) = B. Meanwhile for all y ¢ M,.(1), there exists 1 < k¥’ < K — 1 such that
re(B(x*,y)) = e(k) for all k£ > k' and rp (5(z*),y) > e(k'); this implies (by definition of
e(k)) that g(z*,y) & cl(A).

The following result follows from Lemma 4 almost immediately.

Lemma 5. Suppose cl(A)NA(Q") =0 for all Q" C Q. Then there exists x € A(Q') and
p' € A such that for ally € Z either: (1) B(z,y) & cl(A) or (2) B(z,y) = .

Proof. Find z* and 8 as per Lemma 4. If 5 € A then set x = 2* and ' = /5 and we're
done.

Assume now 3 ¢ A. As Z finite, cl(A) is closed, and B(z,y) is continuous in x for
all y € Z, there exists € > 0 and a set N, = {x € A(') : |x — 2*| < €} such that for all
v €N, andy € Z, B(z,y) ¢ cl(A) = Blw,y) & cl(A).

By equation 4, for any v € A() and y € Z there exists x € A({)) such that
B(z,y) = 7. Also by equation 4, if 3(x,y) = B(z,y’) for some x € A™(Q) and y,y € Z,
then (z',y) = B(2',y') for all 2’ € A™(QY).

As 8 € cl(A), there is a sequence of beliefs in A converging to 3. By continuity of
B(x,y) in x for all y € Z and the facts in the previous paragraph, there exists ' € A
close to 8 and x € N, such that for all y € Z, B(z*,y) = 8 = B(x,y) = 5.

Hence we have either f(x,y) = ' € A or B(x,y) & cl(A) for all y € Z.

[]

This next Lemma wraps up the proof of the ‘if’ direction of Proposition 2 for the
case that cl(A) N A(Q") =0 for all Q" C Q-

Lemma 6. Suppose cl(A)NA(Q") =0 for all Q" C Q. Then there exists a sender j and
z € A™(Q') with Efu;(B(z,T))] > 0.
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Proof. Find ’ and x as per Lemma 5.

Note that for all y € supp[['] \ Z, one of the following holds. (1) y; = 0 for all [ € €0’
(2) y, = 0 for some [ € ' but y, > 0 for some k € €. For y in case (1), by Claim 1
p(y|x) = 0. For y in case (2), equation 4 implies B(x,y) € Q" for some Q" C V'; as Q' is

minimal we have u;(8(x,y)) = 0 for all i.
For all y € Z such that 5(x,y) # 3, wi(5(x,y)) = 0 for all 7.

Let j be some sender with u;(5’) > 0. Then E[u;(8(x,1))] = u;(8)Pr(l e {y € Z:
B(x,y) = A'}x) > 0.

Case 2: cl(A)N Q" # () for some Q" C (V.
Note that it is still the case that €’ is minimal, so AN Q" = for all Q" C Q.

Let Q" € argmingomconaanom20y|Q"”| be one of the smallest subsets of € that
intersects cl(A). Note that 1 < |Q”| < |Q|. Define Z, and all other necessary objects, as
in the previous case. Then note that cl(A) NO = () for all © C Q" and so by an identical
argument to Lemma 4 we can find 8 € cl(A) N A™(Q") and z* € A™(Q2") such that for
all y € Z either B(a*,y) = B or B(z*,y) & cl(A). Then by a similar argument to Lemma
5, we can find x € A™(Q') close to 2* and 8 € A close to 3 such that either 5(x,y) = 3’
or B(x,y) € cl(A) for all y € Z.

Following the same argument as in Lemma 6, all y € supp[l'] \ Z either occur with
probability 0 conditional on x or result in a posterior outside of A™(Q)’) conditional on
x (yielding 0 utility by minimality of €2’). Letting j be some sender with u;(5’) > 0, we
have E[u;(5(x,I))] > 0 and we’re done.

A.3.3 Additional Claim

In the proof of Proposition 2 given, when utilities are nonlinear on some A(Q) and
(T'1,...,Ty) pooled €', we were able to find a sender j who could take advantage of €
being pooled and find x conditonal on which she gets strictly positive expected utility.
Identifying this sender j did not depend on the strategy profile (I'y,...,I'y;). Hence, the
claim below (which is useful for further results in Supplementary Appendix B) holds.

Claim 7. Suppose for some sender i and §¥ C § that u; is nonlinear on A(Q). Then
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there exists a sender j such that for any (T'y,...,Tar) that pools Q' j can find some z such
that E[u;(5(z, Ty, ...,I'p))] > 0.

A.4 Proof of Theorem 1

Theorem 1.

Proof. ‘If’” direction. Proposition 2 implies that if for every [, k some u; is nonlinear on
A({l,k}), then in any equilibrium (T'y,...,Tys), w.p. 1 B,(T'1,...,T5) > 0 for only one
n € . Hence w.p. 1 we must have ,(I'1,...,I'ys) = 1 for some n € Q; the state is fully

revealed.

‘Only if” direction. Suppose for some [,k € €, u; is linear along A({l, k}) for all i.
Then the equilibrium construction in the Proposition 2 ‘only if” direction is a non-fully

revealing equilibrium.

A.5 Proofs of Section 4.3

Proposition 3.

Before proving Proposition 3 we prove the following simple Lemma.
Lemma 7. Suppose an experiment I' not pools Q' C Q. If I is more informative than T’

then I also not pools €Y.

Proof. At every posterior induced by I', the receiver has ruled out at least one state in €2';
hence at any belief induced by I', no further information could induce a posterior which
pools €. Thus IV cannot pool €. H

Now we prove Proposition 3.

Proof. We first prove property (1). Take any equilibrium of the M sender game (I'y, ..., T'p).
If this equilibrium is fully revealing the result is trivial; suppose it is not. We prove the

result in two cases.
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First suppose M’ = 1; equilibria of the M’ sender game are sender 1’s Bayesian
Persuasion solutions. First suppose that sender 1’s payoff from every experiment yields
her ex-ante expected utility < 0. Then the equilibrium of the M sender game, which yields
sender 1 0 utility (Lemma 1) is a solution to sender 1’s Bayesian Persuasion problem,
and we’re done. Now suppose sender 1 can attain a strictly positive payoff from some
experiment (when she is the sole persuader). Then all of sender 1’s Bayesian Persuasion
solutions yields her strictly positive utility and hence must pool some set of states that
cannot be pooled in an equilibrium of the M sender game (any experiment that only
pools states that can be pooled in an equilibrium of the M sender game yields 0 utility
for sender 1). By Lemma 7, none of sender 1’s Bayesian Persuasion solutions is more

informative than (I'y,...I'y).

Now suppose M’ > 1. We again split the proof into two cases. First suppose that
for every Q' and Q" pooled by (T',...,T'ss), whenever ' N Q" = (), all u; are linear on
A(Q'UQ"). This implies that €2 can be partitioned into some €2y, ..., Q5 such that: (1) w.p.
1 B(Ty,....;T) € A(€) for some b, and (2) whenever |2, > 1, all u; are linear on A(€,).
Consider the strategy profile where all M’ senders reveal which partition element w is in,
but nothing else. This is an M’ sender equilibrium (no sender i can profitably deviate as
the receiver will learn the partition element from her opponents and conditional on this, 7
cannot strictly improve her payoff by providing additional information). It is also weakly
less informative than (T'q,...,['y), as (I'1, ..., T'as) reveals which partition element w is in

and, potentially, more information.

Now suppose there exists " and " pooled by (T'y, ..., T'5s) such that Q'NQ” # () and
some u; is nonlinear on A(£' U ”). Consider the strategy profile in the M’ sender game
(I',...,T), where Pr(I' = 6,) = m, for all n ¢ " and Pr(I' = y s.t. y, = Zk;,m Vil €
V) = > ey - This is an M’ sender equilibrium (see proof of the ‘only if’ direction

of Proposition 2). We now show it is not strictly more informative than (T, ...,I"). Note
that the strategy profile (I',...,I") induces the same distribution over posteriors as the
experiment I'; hence we will deal with I' instead of (T',...,T"). Let conv[supp[l']] be the
convex hull of the support of I'. T" induces N — || 4+ 1 distinct posteriors: the N — ||
degenerate beliefs in A(Q\ '), and a single belief in A(€'). These posteriors are all affinely
independent (or, alternatively, their convex hull has dimension N — |{?'|). By Theorem 5
of Wu (2017), I" is more informative than (I'y, ..., T'5/) if and only if supp[B(T'y,...,T'y)] C
conv[supp[l']]. Note that conv[supp[['] only contains beliefs that that satisfy at least
one of the following three properties. Either they assign probability one to 2\ ', assign
probability one to €', or assign strictly positive probability to all states in 2. With positive

probability, (I'y, ..., I'p) results in posteriors which pool £2”. Such posteriors cannot assign
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probability one to Q\ Q' (as Q"NQ #£ 0), cannot assign probability one to ' (2" Z Q' as
some utilities are nonlinear on A(Q'USQ”)), and cannot assign strictly positive probability
to all states (some utilities are nonlinear on A(XUQ") = Q D Q"UQ cannot be pooled

in an M sender equilibrium). Hence (I';...,T') is no more informative than (I'y,...,Ty/)e

Now we prove property (2) of Proposition 3. Suppose M’ sender equilibrium (I'}, ..., I} /)
is more informative than (T, ..., T'5s). Consider the M sender strategy profile (T}, ..., T, TV, ..., TY).
This is an M sender equilibrium for the following reasons. No sender i = 1,..., M’
has an incentivie to deviate as (I'f,...,I",) is an M’ sender equilibrium. No sender
i =M’ +1,..M has an incentive to deviate as, by Lemma 7, every non-fully revealing
posterior of (I'},...,[",;,,TY,...,TY) falls in some A(€’) on which all senders have linear

utilities. [

B Supplementary Appendix B: Extensions

B.1 Single Receiver with Finite Actions

Setup. There is a single receiver. Let A = {ay,...,as} be a finite set of actions; the game
is as in the baseline model except after observing realizations of I'y,...,I"y; the receiver
picks an action a € A after which the players get payoffs. The reciever’s utility function
is u, : A x Q — R and senders’ utility functions are u; : A x Q@ — R for i = 1,..., M.
Sender’s preferences are zero-sum: for all a € A, w € Q, Zf\il u;(a,w) = 0. We make the
assumption that for any a # a’ € A, w € Q, u,(a,w) # u,(¢’,w) and w;(a,w) # u;(a’,w)
for all i € {1, ..., M}; this is generically true. The equilibrium concept is Perfect Bayesian
Equilibrium (PBE).

For any (€ A(Q) let A*(8) = argmazaca Sn, ur(a,1)5. In any PBE, after signals
are realized and the receiver updates to posterior belief 5 € A(), the receiver takes an
action a € A*(f) that maximizes expected utility (sequential rationality). Let Rinqig =
{8 € A(Q) : |[A*(8)| > 1} be the set of posteriors at which the receiver is indifferent
between multiple best actions. We assume that at posteriors in 5 € Ri.qig the receiver
breaks ties by choosing the lowest indexed action in A*(/5). Hence in equilibrium the

reciever takes action a*(3) = argming,ca~(s) b; this is well defined and single valued for
each € A(Q).

Fori=1,..., M define v; : A(Q2) — R as sender i’s expected utility from any posterior
B € A(Q) in a PBE following the specified tie breaking rule: v;(8) = Son  w;(a*(8),1)5:-
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First we show that in any PBE satisfying this tie-breaking rule, v;’s are zero-sum and

piecewise analytic. This will allow us to directly apply our previous results to them.

Claim 8. In any PBE in which the receiver chooses action a*(3) = argming,ca-(s) b after

signals are realized, vy, ..., vy are each piecewise analytic and are zero-sum.

Proof. Zero-sumness is trivial. For all 8, S"M v;(8) = 32, S0 wi(a*(8),1) 6

= SN B S wi(ar(B),1) = 0.

Now we show piecewise analyicity. For each a, € A, let A,, = {f € A(Q) : a, =
a*(B)}. Note that for every a;, € A the set A,, is convex; for any 3, 8’ € A,, we can see
a*(A\B+ (1 —=MN)P') =ap for all A € (0,1) as follows. For any b’ < b we have:

N N
Z ur(aba l)ﬁl > Z ur<ab’7 l)ﬁl
=1 =1

N N
> urlan, )8 > Y urlay, DB
=1 =1

— > up(an, DB+ (1= N)B) > Y ur(ay, (A3 + (1 = 1))
=1 =1

For any ¥ > b the first two inequalities must hold weakly which implies the third
holds weakly. So at (AB; + (1 — \)5;) ap yields weakly higher utility for the receiver than
all higher indexed actions. Together this implies a*(A8+ (1 —\)/5’) = a, and hence A, is
convex. Note that {A,, }p—1

convex sets. On each A,,, each v; = Z;L wi(ap, 1)y (i = 1,..., M) is linear in §. Hence

4 partition A(Q); hence they form a partition of A(£2) into

.....

each v; is piecewise linear on A(S2). So {v;}i=1.. a are piecewise analytic. O

-----

Lemma B.1.1 below shows that all v;’s are linear on A(£?’) if and only if the receiver

prefers the same action at all states in €)',

Lemma B.1.1. Fiz Q' C Q, || > 1. vq,...,uy are all linear on A(Y) if and only if
a*(0;) = a*(0y) for all I,k € Q.

Proof. We prove the ‘only if’ direction by proving the contrapositive. Consider any states
[l # k € Q. Suppose a*(6;) # a*(dx). For g € A({l,k}) € A(Y), the receiver has
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expected utility u,(a, )5+ u.(a, k)Bk. Note by our assumption that no agent is indifferent
between any two actions at any state, we must have that w,(a*(;),1) > wu,.(d’,1) for all
a # a*(6) and u,(d', k) < u.(a*(d), k) for all @’ # a*(dx). By continuity, this implies
that there exists 1 > 8% > L > 0 such that for 8 € A({l,k}) if: (1) B < . then
a*(B) = a*(6;) and (2) By > B} then a*(B) = a*(dx). For 5 € A({l,k}) and i € {1,..., M},
vi(B) = Brui(a”(B), k) + (1 = B)ui(a™(B), 1) = wi(a™(B), 1) + Bi(ui(a™(B), k) — wi(a™(8),1))-
When B, > %, v; is linear in (3, with slope (u;(a* (), k) —ui(a*(61),1)). When 3, < 8L, v,
is linear in fj with slope (u;(a*(0;), k) — u;(a*(8;),1)). These slopes are different because:

ui(a*(0g), k) — ui(a®(0;), k) > 0 > u;(a*(0g), 1) — us(a™(6),1)
= wi(a"(0k), k) — ui(a™(0n), 1) # wi(a™ (1), k) — wi(a™(0), 1)

Hence v; is nonlinear along A({l, k}) and hence nonlinear on A(£2") 2 A({[, k}).

‘If” direction. Suppose for all [ € ', a*(¢;) = a. Note that A(') is the convex
hull of {9, : I € @'}. Then, by convexity of the set A, (see proof of Claim 8), we must
have A(Y) C A,. Forall i € {1,..., M} v; is linear on A, (proof of Claim 8) and hence
A(QY). O

Finally we prove our main results for the finite action model. Proposition 11 is
important as it says that even when the receiver does not fully learn the state, they learn

adequately —that is, enough that further learning would not influence their action.

Proposition 11. In any PBE in which the receiver chooses action a*(f) = argming,ca- ()

b, the recewer takes their first best action w.p. 1.

Proof. Fix a PBE and consider all posteriors induced by the equilibrium experiments with
positive probability. At any posterior 8 € {01, ...,0n}, the receiver clearly takes their first
best action. Now consider any posterior that occurs with positive probability that does
not fully reveal the state. At such a g, there exists ' C Q with || > 1 and 5, > 0 for
all [ € €. But then Q' is being pooled in equilibrium which implies (Proposition 2) that
v1, ..., vy are all linear on A(') which implies (Lemma B.1.1) that there exists a € A
such that a*(§;) = a for all [ € 2. Note that w € Q' (all other states are ruled out by f).
By convexity of A, (proof of Claim 8), a*(8) = a = a*(d,). Hence, the receiver’s ex-post

payoff is always their first best payoff: u,(a*(w),w). O
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The Corollary 2, finite action characterization of all equilibria being fully revealing

follows immediately from Theorem 1 and Lemma B.1.1.

Corollary 2 proof.

Proof. ‘If” direction. If for a pair of states [ and k, a*(0;) # a*(dy), then by Lemma B.1.1
some v; is nonlinear (and hence nonlinear) on A({/, k}). If this is true for every pair of
states, then along every edge of the simplex we have nonlinearity of some sender’s utility

function which implies (Theorem 1) full revelation in every equilibrium.

‘Only if’ direction. If a*(d;) = a*(x) for any pair of states [ and k, then Lemma
B.1.1 implies that all v;’s are linear on A({l,k}). This implies (Theorem 1) that there

are non-fully revealing equilibria. ]

B.2 Robustness

Here we consider the robustness of our results to the assumption that preferences are
zero-sum. Consider a game identical to the baseline model but with utility functions
Uyt (w0 A(2) — R) that need not be zero-sum. We assume that all utilities are
piecewise analytic and make the normalization u;(d;) = 0 for all senders ¢ and states .

We adopt notation from the baseline model whenever it obviously carries over.

Before presenting the robustness results, which concern the information revealed in
equilibrium as preferenes approach zero-sum, we discuss what we can say in this more
general setting. As in the baseline model, we have no issues with equilibrium existence;
for any uy, ...ups there is a fully revealing equilibrium (I'F% ... TFR) 49

Of course our results in the paper, starting with Lemma 1, rely on the zero-sumness
of preferences and do not generalize to this setting. While Lemma 1 says senders must
get their full revelation payoff in every equilibrium of a zero-sum game, this is no longer
true when preferences may be nonzero-sum. As an example, suppose all senders have the
same preferences; then there will be an equilibrium in which one sender plays a single
sender optimal experiment (a Bayesian Persuasion, or BP, solution) and all others play
I'Y. This BP solution may not fully reveal the state and may yield the senders strictly

larger payoffs than the 0 payoff from full revelation.”® More generally, when preferences

49The reason this is an equilibrium is the same —no sender’s experiment is pivotal when others are

full revealing the state.
0In fact whenever there exists a posterior 7/ that yields the senders utility larger than 0, then all BP
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are not zero-sum, agreement between senders (even if it isn’t complete agreement) may

allow them to play experiments that yield them strictly positive payoffs in equilibrium.

For any v € A(Q) and uy, ..., ups, let Y, u;(y) be the total surplus shared among
senders when the receiver’s posterior is 7. Note this surplus is 0 when v € {41, ...,0n}.
Let MS(uy, ..., unr) = Sup,eaq) Zf\il u;(y) be the supremum of the total surplus senders
get at any posterior. Note MS(uq,...,up;) = 0 when the game is zero-sum. While we
cannot pin down equilibrium payoffs as we did in Lemma 1, we can upperbound them for
each sender. While senders may get above utility 0 in equilibrium, none can attain utility

higher than the maximum surplus:

Lemma B.2.1. In any equilibrium (T'y, ...,Tyy), for all sendersi=1,...,M: 0 < Uy(T'y,....,Ty) <
MS(Ul,...,U,M).

Proof. The first inequality, 0 < U;(T'y, ..., I'y/), follows from the fact that each sender can
always fully reveal the state and obtain payoff 0.

Note that for all strategy profiles (I'}, ..., I'},;) (with distributions p/, ..., p},;), we have:

Ui, Tar) = 30 By [ (B(T 1, s Tan))] = By D2 wi(B(T, - Tar))] <

E MS(Ul,,UM)] :MS(Ul,...,'LLM).

p’l,m,p’M[

Suppose for contradiction that for equilibrium (I'y, ..., T'y) and sender ¢, U;(T'y, ..., Tas) >
MS(uy,...,upr). Then the previous paragraph implies that there exists sender j with
Uj(T'y,...,Tar) < 0. But then j can profitably deviate to I'; = ', Contradiction. O

Lemma B.2.1 implies that when MS(uy,...,up) = 0, all senders get payoff 0 in
every equilibrium. In one special case, when only fully revealing posteriors generate this

maximum surplus, all equilibria must be fully revealing:

Corollary 4. If for all v & {61,....,6m} >, wi(y') <0, then the state is fully revealed in

every equilibrium.

Proof. Note that MS(uy, ...,up;) = 0. For any strategy profile (I'y, ..., T'ys) that is fully re-
vealing, U;(T'y, ...,I'as) = O for all . For (I', ..., I'as) that is not fully revealing, >, U;(I'y, ..., T'y) <
0, as with strictly positive probability the surplus at the posterior is strictly less than 0

(when the state is not fully revealed). This implies that for each non-fully revealing

solutions yield utility larger than 0. To see this, note that there exists an experiment that puts support
only on +" and 41, ...,05 (such a construction is shown in the proof of Lemma 1). This experiment yields

all senders utility strictly greater than 0.
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(I'y,...,Tar), there is a sender j such that U;(I'y,....,I'ys) < 0. Hence, by Lemma B.2.1,

the state is fully revealed in equilibrium. O]

The logic of Corollary 4 is similar to that of Proposition 1 of Gentzkow and Ka-
menica (2017a). If sender surplus is uniquely maximized at fully revealing posteriors, any
non-fully revealing strategy profile leaves at least one sender strictly worse off than full

revelation, which is always an available strategy.

We now turn our attention to what we can say as preferences approach zero-sum.
We consider convergence of utilities under the sup norm. A sequence of utility functions
{u*}22, converges to a function u, or ugy — u, if imy_,e0 SUP,cp oy [u*(7) — u(y)] = 0. For
a sequence of profiles of utility functions {(u}, ..., u%,)}22, (for notational convenience we
will drop the limits), (u},...,uk,) = (uy, ..., ups) if u¥ — w; fori=1,..., M.

For a sequence of strategies/experiments {I'*}2° || with each I'* distributed according
to pmf p*, we say I'* — I' (where I" has distribution p), or I'* converges in distribution to
[, if for all v € A(Q), limg_,o pr(7) = p(7y). For any strategy profile (I'y, ..., T'y/), let the
random variable I'(T'y, ..., '5;) denote the receiver’s posterior after observing realizations

of all T'y, ..., "5/ (i.e. the experiment induced by combining all M senders’ experiments).

The following result says that as utilities converge to zero-sum sufficiently nonlinear
functions, the information revealed along any sequence of equilibria, whenever convergent,
converges to full revelation. This is the same Proposition 4 from Section 4.4 stated more

formally.

Proposition 4. Fiz a sequence of games with utilities {(u%, ..., uk,)} with (u¥, ..., uk,) —
(U, ...y ups) and Y, ui(y) = 0 for all v € A(Q). For each k let (T}, ...,T%,) be an equilib-
rium of game (uf,...,uk,). Suppose for every pair of states I,k € Q there exists an i with

u; nonlinear on A({l,k}). Then if T(T%,....,T% ) — T, T =TTk

Proposition 4 is important, as indicates that Theorem 1 does not qualitatively rely
on the knife-edge assumption of zero-sum preferences. As utilities get close to zero-sum
and sufficiently nonlinear, the information revealed in every equilibrium (if it converges)
gets close to full revelation. Before proving the result, we prove a lemma which shows

Proposition 2 is similarly robust.

Lemma B.2.2. Fiz a sequence of games with utilities {(uf, ..., u% )} with (u¥, ..., uk,) —
(U, ...yups) and Y, ui(y) = 0 for all v € A(Q). For each k let (T, ...,T'%,) be an equilib-
rium for (uf, ..., uk,). Suppose for some Q' C Q and i, u; is nonlinear on A(SY). Then if

LTk ...,T%,) =T, T does not pool .
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Proof. For strategy profile (I'}, ..., I},) (with distributions p}, ..., pi,), let UF(I'}, ..., T",) =

o, U5 (B)] be sender @’s expected utility when she has preferences uj.

Let the distribution of I' be p and for any k let the distribution of T'(T'}, ..., T'%,) be p*.
Note that as T'(T'%, ..., T'¥ ) has finite support for every k, I must also finite support (by the
definition of convergence in distribution). Define T = supp[T'| U (U supp[L(T%,..T5)]);

note by the finiteness of all terms in the union, 7" is countable.

Suppose for contradiction that some u; is nonlinear on €’ and I' pools . By Claim
7, there exists a sender j such who can find experiment I'; (with distribution p;) such

that in the limiting (zero-sum) game (uq, ..., upnr), U;(I';,I) = ¢ > 0.

For any k, MS(uf,...,uf;) = sup, 32, uf(y) = sup, 32, wi(7) + (uf (7) — wi(v)) <
sup, 22, wi(y) + [uf(v) —wi(y)]- As (uf, ..., ufy)
0 for all i as k — oo and hence MS(u¥,...,uk,) — MS(uy,...,up;) = 0. This implies
there exists K s.t. Vk > K, MS(uf,...,uk,) < ¢/2. By Lemma B.2.1, for all k > K,
Up(Th,T%;) < ¢/2.

)
— (uq, ..., upr), the second term goes to

Consider j playing experiment F;‘? as well as (conditionally independently) playing
[';, while her opponents’ play T'* ;- The expected payoff that j gets from this can be
written UF(D(L;, T%),T% ;) = UF(T;,T(T}, ....,T;)), as it does not affect j’s payoff if she

plays T'% or her opponents’ do. As T D supp[['(T'},...,I';;)] for each k, we can write
Uf(rju F(Flfa 0 FIJCW)) = Z$Esupp[rj] ZyESUPP[T] u?(ﬁ(xu y))pk(y|l’>p]($) Then:

lim UF(C;, DY, T = ) D lim w(B(a,y))p" (ylo)p ()

wesupp[T';] yesupp[T]

For any y € T, hmk_mu (B(x,y)) = u;(B(x,y)) and limg_,oo p*(y|z) = p(y|z) (DY
definition of p*(y|z) and convergence in distribution). Hence:

Jim UK, T LT = S0 ST (B w)p(yle)ps (@) = Uy(TT) =

z€supp(l';] yesupp(T]

This implies that there exists K’ such that Vk > K', UF(T;, I(I'},...,I'};)) > ¢/2.
Take K" = max{K, K'}. Forall k > K" we have: Uy (I'*, T* ;) < ¢/2and UF(T;, T(T}, ..., T'},)) >
c/2. But for all & > K", this contradicts that (I'¥,...,T'%,) is an equilibrium as j has a
profitable deviation of F(F ). O

Jr+g
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We now prove Proposition 4.

Proof. Suppose not. Then I'(T'%,...,T%,) — T" # ', Then T' pools some set of states ('
with || > 2; let [,k € Q. There is a sender with u; nonlinear on A({l, k}); hence u; is
nonlinear on A(€’). But then by Lemma B.2.2 I" must not pool 2. Contradiction. [

Proposition 4 relates to the standard results on the upper hemicontinuity of the set
of equilibria (although here we are not concerned with the set of equilibrium actions
themselves but instead the set of information that could be revealed in equilibrium). As
is also standard, we do not have the corresponding lower hemicontinuity properties. In
particular, it is possible for there to be non-fully revealing equilibria in the limit, but only
fully revealing equilibria along the sequence. It is not hard to come up with examples of

this; we provide a one here.

Example 3. Suppose 2 = {0, 1} and there are two senders 1 and 2. Consider the sequence
of utility functions {(u},u})} with uf(3) = X for all 8 € [0,1]\ {0, 1}, u}(0) = w}(1) =0,
and uz(fB) = 0 for all § € [0,1]. Define utility function u as u(8) = 0 for all 3. Then
note (u¥,uk) — (u,u). Proposition 1 states that in the game (u,u), there are non-fully
revealing equilibria (any strategy profile is an equilibrium). Note for any k, the game
(uf,ub), uf(B) + ub(B) < 0 for all B ¢ {0,1}. Hence by Corollary 4, all equilibria of

(uf, uk) are fully revealing for all k.

B.3 Infinite Signal Experiments

So far we have restricted senders to choosing experiments with a finite number of signals,
or equivalently interim belief distributions p; € P that have finite support. In this section
we demonstrate that our takeaway from the finite signal results —that for typical sender
preferences we have full revelation in every equilibrium —extends when senders can choose
from a more general set of experiments. Senders now choose any experiments IT : ) —
A(S) (with no restrictions on the signal space). Again, we recast choices of experiments as
choices of interim belief distributions. For technical convenience we restrict our attention
to senders choosing interim belief distributions that can be written as the sum of absolutely
continuous and discrete distributions.” We will call the space of pure strategies, or the
set of Bayes-plausible distributions that satisfies this requirement G. Formally G = {g €
A(A(Q)) : E,I] = 7, g = g + ga for some abs. cont. and discrete (respectively)

51As A(Q) ¢ RV, by the Lebesgue Decomposition Theorem this only rules senders choosing distribu-

tions with singular continuous components.
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measures ¢, gg € A(A(Q))}. Each g € G is a generalized density.”® A strategy for sender
i is a choice of random variable I'; with generalized density g; € G. Preferences over
strategy profiles for a sender i are given by U;(I'y,...,I'y) = Ey, g, [wi(5)]. The game
and equilibrium concept are otherwise identical to the finite signal model (including our

normalization of the wu;’s).

Remark: Note that our equilibrium analysis under both the finite signal restriction
and under the technical restriction above can be seen as equilibrium selections. Any finite
signal equilibrium will also be an equilibrium when senders are allowed to pick strategies
from G and any equilibria with strategies selected from G will be equilibria in a game

where senders can pick any distribution in A(A(€2)).

We make one additional technical assumption on utility functions:

Assumption 1. For each l € Q and i € {1,..., M}, u; is real analytic in some neighbor-
hood of 0;.

Note that Assumption 1 only rules out piecewise analytic utility functions for which
some ¢ lies on the boundary between different pieces. For any states [, k let v"* € RY be
the vector from ¢&; to ;.>® For any sender i let V,xu;(+) be the directional derivative of
u; moving along v*. Note for some i V,xu;(-) may not be well defined at some points
on A(); but under Assumption 7.1 for all ¢ and all [ it is a well defined continuous
function in some neighborhood of §;. With this assumption we can define Condition B.1.
Condition B.1 concerns the shape of utility functions on an edge of the simplex and will

be sufficient for a pair of states [ and k£ to not be pooled in every equilibrium.

Definition B.1. For any states [, k and sender ¢ we say that u; satisfies Condition B.1
on A({l,k}) if either V ixu; () # wi(6x) — wi(8;), Viurui(0r) # ui(6x) — ui(d;), or both.5

For example, utility functions that look like Figure 7.2 along edge A({l,k}) do not
satisfy Condition B.1; nor does a utility function that is linear along that edge. Functions

that look this those in Figure 1 do satisfy Condition B.1.

524 is the density function g. on intervals where the distribution is absolutely continuous and the

probability mass function g4 everywhere else.
53k =1 bR = 1, ubk = 0 for all n #£ 1, k.

®Under the normalization we made, u;(6x) — u;(8;) = 0.
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Figure B.7

Proposition B.3.1. For any pair of states | and k, if there exists a sender i with u;

satisfying Condition B.1 on A({l,k}), then | and k are not pooled in every equilibrium.

We prove Proposition B.3.1 after redefining some objects for this setting. For any
sender ¢ and strategy profile for all opponents {I';};.;, we define W;(z) for x € A(Q)

analogously to the finite signal case.

Wilz) = /A Btk ®)

For any vector v € RY and y € A(Q), let V,p_;(y|r) and V,Bx(x,y) (for any state
k) be the directional derivates of these two functions with respect to x along vector v.

Note the following.

N
Vopi(yln) = ¥, Z TYp—i Z Ulyl];—z‘(y) (9)

xk yk VkYk

vvﬁk’(xay) = - x x L (10)
Z;V1 ;Zl/l Z D 1 ;yn) Zl L T/

For any states [,k € {1,..., N} let A™({l,k}) = A({l,k})\ {01, 01} be the nondegen-
erate beliefs in A({l,k}). Let A°({l,k}) = {8 € A(Q): 5,8, =0} and A'({l,k}) = {B €
A(Q) : B+ < 1; By and/or By # 0}. Note {4, 0 FUA™ ({1, k})UA ({1, k}HUAT ({1, k}) =
A(Q) and all four sets are disjoint.
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We now prove Proposition B.3.1

Proof. First note Lemma 1 still holds in this context by an identical proof. In any equi-
librium (I'y, ..., T'5) all senders @ have: U;(I'y,...,T'5) = 0 and W;(z) < 0 for all x € A(Q).

WLOG let [ = 1, k = 2. For notational convenience let v = v'2. Suppose u;
satisfies Condition B.1 on A({1,2}) for some i. WLOG we consider the case V,u;(d2) #
u;(02) —u;(01) = 0. Then by zero-sumness (derivatives must also be zero-sum where they
exist for all senders) there exists a sender j with V,u;(d2) = ¢ < 0. We will prove that I"_;
must not pool {l, k}; this clearly implies the Proposition B.3.1 as by Claim 3, (T'y, ..., T'y)
also will not pool {l, k}.

Suppose for contradiction there is an equilibrium (I'y,...,I"5;) such that I'_; pools
{l,k}. Forz € A(Q), by the product rule and the partition of A(Q) into {4y, d2}, A™({1,2}),
A°({1,2}), A'({1,2}):

VoWj(x) = Vo (u;(B(x,62))p—;(02]2) + uj(B(z, 02)) Vop—;(d2|)
+ Vv(uj(ﬁ(x, 51))]07]'(51’95) + u]-(ﬁ(x, 51))vafj(51’95)

s VBl [ (B ) Vs al)dy
Aint({1,2}) Aint({1,2})

i / Vs (B, y))p—s (ylo)dy + / wy (B, 9))Vopy (yl)dy
A9({1,2}) A9({1,2})

s VBl + [ w3Vl
Al({1,2}) At({1.2})

though this may not be well defined for some z. Note:

Vals (3G ) 01) = > PG ey ol

(again this may not be well defined for some z). Now consider x € A({1,2}). For

such z, with some algebra:

TkYk

(y1/7T1 - y2/7r2) p Ve Yk
Vvﬁk(:v,y)pfj(ylaﬁ) = Ty 4 Tayp =

T T2

(11)

Tk
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One can check that for y € A°({1,2}) and for y € {d;,0d2} this expression is 0 for
all £ = 1,...,N. This tells us that the Ist, 3rd, and 7th terms of V,W;(z) are 0 for
r € A({1,2}). Note that for y € A({1,2})°, V,p_i(y|z) = 0, and so the 8th term is also
0.

We consider the limit of V,W;(z) for z € A({1,2}) as + — J,. We show this limit

exists and is negative.

lim V,W;(z) = lim u;(5(z,2))Vep—_;(d2|z) + lim u;(B(x, 61))Vep—;(01]2)

x—>52 1‘—>52 CC—>62

/A ({1,2}) kz m o

Ou,
o O
N
Ou,( Y))
+ ]—
/Al ({12}) z} 52 OBk

vmmmmﬂw@@+/ lim w;(8(z, 4)) Vop_; (y]2)dy

Adnt({1,2}) 702

V&@@ﬂwm@+/ lim u;(8(z, ) Vop_; (y]2)dy

Al({1,2}) T702

We evaluate this term by term. The first term is 0 as V,p_;(d2|x) is finite and
does not depend on x and lim, s, 5(z,d2) = d2 which implies (by continuity of u; in a
neighborhood of ;) lim, s, u;(8(x,d2)) = 0. The second term is also 0 as V,p_;(d1]z)
is finite and does not depend on x and lim, s, 5(x,01) = d; (by L’Hopital’s rule) which
implies (by continuity of u; in a neighborhood of 6;) lim,_,s, u;(8(z, 1)) = 0.

The fourth term is also 0 as for all y € A™({1,2}), lim, s, 8(z,y) = 05 and u;(ds) =
0 while V,p_;(y|z) is finite and does not depend on x. The sixth term is also 0 for the
following reason. For y € A'({1,2}) with yo > 0, lim,_,s, B(z,y) = do; as u;(d2) = 0, the
terms inside the integral are 0 when y, > 0. For y € A'({1,2}) with y, = 0, we must
have y; > 0; then by L'Hopital’s rule lim,_,s5, 8(x,y) = 61 and u;(d;) = 0 meaning terms

inside the interal are 0 when gy = 0.

Using (11) note that V,0(z,y)p—;(y|z) = 0 for all k& # 1,2 as for such k z; =
v = 0. For y € A({1,2})™ we have: lim, s, V,01(z,y)p—;(ylz) = “Ap_;(y) and
lim, 5, Vo Ba(2, y)p—j(ylz) = Lp_;(y). The same holds for y € A'({1,2}) with yo > 0.
Fory € A'({1,2}) with yo = 0, we have: lim, 5, V01 (2, y)p—;(y|z) = lim,_s, Vo, 5o (2, y)p—i(y|z) =
0 (applying L’Hopital’s rule).
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Putting this together:

. Ou;j(d2)  0ui(da),y
lim V,W;(x) :/_ 8] _ aﬂ( ) _1p_j(y)dy
@32 Aint({1,21)U{yeAl ({12} >0 02 G Tm
n
= V,u;(02) / —p—j(y)dy (12)
Aint({1,2})U{yeAl ({1,2}):y2>0} T1
y
=c / Zp_j(y)dy
Aint ({121 U{yeAl({1,2}):y2>0} 71

As I'_; pools (¥, there exists y € supp[['] for which y;,y2 > 0. Such a y must fall
inside the set (A™({1,2}) U {y € A'({1,2}) : yo > 0}) (any point in the completement
of this set assigns probability 0 to at least one of states 1,2.). This implies that there are
y e (A™({1,2}) U{y € A'({1,2}) : y2 > 0}) for which p;(y) > 0 and y; > 0. As ¢} >0
for all ' € A(Q), the integral on the righthand side of equation 12 is strictly positive. As
¢ < 0, we have lim,_,s, V,W;(z) < 0.

But as W;(d2) = 0, this implies that for some 2* € A({1,2}) close enough to ds, we

must have W;(z*) > 0, contradicting Lemma 1.

[]

Condition B.1 holding on each edge for some sender is a sufficient condition for full

revelation in any equilibrium:

Proposition 5. If for every pair of states | and k there exists a sender i such that
w; satisfies Condition B.1 on A({l,k}) then the state is fully revealed in every equilibrium

i which senders choose experiments from G.

Proof. 1f for every pair [, k there is a sender with u; satisfying Condition B.1 on A({l, k}),
then by Proposition B.3.1, no pair of states is pooled in any equilibrium. Hence w.p. 1
the posterior assigns positive probability to only 1 state and hence must fully reveal that
state. [

Note that a function not satisfying Condition B.1 along a given edge is knife-edge
—it requires a particular directional derivative to take a certain value at two points. If
no sender has a utility function satisfying Condition B.1 along an edge, this is even more
particular. Hence we ‘typically’ expect Condition B.1 to be satified on each edge for
some u; and so Proposition 5 says we should typically expect fully revelation in every

equilibrium.
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B.4 Privately Informed Senders

Consider our baseline model with one modification: each sender receives a private signal
before the game. For simplicity, senders’ private signals are realizations of finite signal
experiments that are conditionally (on w) independent across senders.”® We think of the
experiments in terms of the beliefs they induce. Formally each sender ¢ draws a private
belief b, € A(2) with b, ~ B; € P, |supplb;]| < oo, and E[b;] = 7 (Bayes-plausibility).
The distributions {B;}, are conditionally independent. We make one more assumption:
that for each Q' C Q, supp[b;] N A(Y) = @ for all i; no sender’s private information rules

out any states.’®

A pure strategy for sender i is a mapping from private beliefs (or types) to choices
of finite signal experiments: o; : supp[b;] — P. As before, we use I'; to denote the interim
belief produced by sender i’s experiment. 7 chooses the distribution of I';, p; € P after
observing her own type. Importantly, we define I'; to be the interim belief the receiver
holds after viewing realization of ¢’s experiment but without updating her belief on €2 from
observing the choice of p; (we formalize this updating in the next paragraph). Hence I'; is
the receiver’s learning from i’s experiment ignoring information from signalling. A pure

strategy profile is a vector (oy, ..., 0n).

The receiver’s posterior belief § is a function of the signal realizations she observes
as well as the experiment choices she observes. The receiver will form beliefs about each
{b;}i=1...m independently via a belief function g’ : A(A(Q)) — A(supp[bi]) (i =1,..., M)
which maps choices of experiment to a belief on the sender’s type.®” For an experiment
choice of p; by sender i, let p;(p;)[b] denote the probability the receiver assigns to b; = b
under belief function p’. For i = 1,..., M let (1, p;) € A(2) be the receiver’s belief on
w given belief function p after observing experiment choice p; from sender ¢ but not its
signal realization or any other senders’ experiment choices are realizations. Then for each
state [ € (:

55These assumptions are not necessary.
56Having already made the assumption of finite signals, this assumption is equivalent saying signals

are bounded.
5TWhile other senders’ experiment choices and the realizations of (T'y,...,I'37) will affect the receiver’s

belief about each b;, as players’ types and experiment realizations are conditionally independent they
will only affect the receiver’s beliefs through learning about w. This updating will hence not affect the
receiver’s belief on w, which is all that players care about. The functions {z‘} are what is important for

evaluating senders’ payoffs.
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Tp) = Y Priw=1b=bPrbi=blp)= > by (p) (13)

besupplb;] besupplb;]

For any sender 7 let o(T;, p;, u') € A(Q) be the random variable representing the
receiver’s interim belief given u’ after observing just the choice p; and the realization
of T';. o' hence captures the receiver’s belief after taking into account all information

—signalling and otherwise —from sender 7. For any [ € (2:

(W p) i/
fovﬂ T;i(,ui; pz’)ri,k/ﬂ'k

(T, pis ') = (14)

For fixed {p'}i—
by Bayes rule to a posterior belief for each | € €

M, after observing {p;} and realizations {I';}, the receiver updates

.....

HMlcyl< i, Pi, W )/7T

SN T b (T o, ) 70 (15)

61({Fi}7 {pi}7 {:U'z})

A PBE (in pure strategies) is a strategy profile (o1, ..., o) and a set of belief functions
(ut, ..., u) satisfying two conditions. First, no sender i can strictly gain from deviating

from o;(b;) for any b; € supplb;]:

Vi € {1’ ey M}v b; € supp[bi] : E{Bg’}j;ﬁz‘ [EUi(bi)v{pj}j;éi [u,(ﬂ)“bl] (16)
= ]E{Bj}j;éi [EPQ,{PJ‘}J'# [UZ(B)HbZ] for all pg SN

where the receiver’s posterior (§ is formed using (15). It is important to note that

sender ¢ may not know {p;},2 but forms beliefs about these given her own private infor-

mation to evaluate expected utility.

Second, beliefs must follow Bayes rule on path:

Vie{l,..,M} and p € P s.t. 3b; € supplb;] with o;(b;) =p:
Lo (v)=pBi(b) (17)
Zb’ésupp[b,-] I]-o’(b’):pBi(b,)

Vb € supplbi], p'(p)[b] =

The result below is Lemma 1 adapted to this setting with private information.
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Lemma B.4.1. Take any equilibrium (o, ...,00), (4, ..., u*). For any sender i and

b € supplb;], conditional on b; = b sender i gets expected utility 0.

Proof. Fix any equilibrium. No sender i can get expected utility strictly less than 0
conditional on any b; = b € supplb;], as playing the fully revealing experiment guarantees

expected utility 0. This means each sender ¢’s expected utility unconditional on type,

ST By oo, [ (B BiV) (18)

b’ €supplb;]

is weakly positive. As the game is zero-sum, the sum of all senders’ unconditional
expected utilities must be 0; as each of these payoffs is weakly positive, it must be Equation
18 is equal to 0 for each ¢. But then as each term in the summation of Equation 18 is
weakly positive, sender 7’s expected utility conditional on b; = b cannot be strictly positive,

and hence it must be 0. OJ

We redefine state pooling in the game with private information as follows. An equi-
librium (o4, ...,0p7), (p!, ..., u™) does not pool a set of states ' C Q if Pr(3 > 0Vl €
V) = 0. Otherwise, the equilibrium pools 2. The following Lemma is useful for the main

results; it says an equilibrium pools € if and only if o does for every sender i.

Lemma B.4.2. An equilibrium (o1, ...,on), (pt, ..., u™) pools ' C Q if and only if for
all i Pr(af(Ty,pi, ') >0V € ) > 0.

Proof. ‘If’ direction. If for all ¢ Pr(af(T;, p;, ') > 0 VI € V'), then as o' is conditionally
(on state) across senders (as b; and I'; are), Pr(a}(T;,pi,p') >0VIi€e QY Vi=1,..,M) >
0. By equation 15, Pr(f5, > 0 VI € ') > 0.

‘Only if’ direction. If for some sender i, Pr(ai(T;, pi,p') > 0VI € Q') = 0, then by
equation 15, 5, = 0 for some [ € Q" w.p. 1. H

We now provide a sufficient condition for a pair of states to be not pooled in every
equilibrium. The sufficient condition is the same as that in Section B.3 and will lead to
the same sufficient condition for full revelation in all equilibria. We note as before that
this condition is satisfied for all but a knife-edge case of sender preferences. As in Section
B.3 we make the mild technical assumption that all sender utilities are real analytic in

some neighborhood of §; for all states [ (Assumption 1).
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Lemma B.4.3. Suppose Assumption 1 holds. Consider any pair of states | and k. {l,k}

is not pooled in every equilibrium if for some i w; satisfies Condition B.1 on A({l,k}).

Proof. WLOG let | = 1, k = 2. For notational convenience let v = v!2. Suppose u;
satisfies Condition B.1 on A({1,2}) for some . WLOG we consider the case V,u;(d2) #
u;(62) —u;(61) = 0. Then by zero-sumness (derivatives must also be zero-sum where they
exist for all senders) there exists a sender j with V,u;(d2) = ¢ < 0. This implies there
exists 7 € (0,1) such that for all v € A({1,2}) with 72 > r, w;(y) > 0. In other words, j
has a region of advantage along A({1,2}) close to ds.

Suppose for contradiction there is an equilibrium (o7, ..., oar), (pt, ..., x™) that pools
{I,k}. For each j' # j, let Ay = /' (Tj1,pjr, /). By Lemma B.4.2, for all j' # j, A
pools {1,2}. Note Aj is also a random variable (where randomness is over p; and the
realization of I';/) with finite support (due to finite support of b; and I';/). If all senders
j' # j follow the equilibrium play, A; is also Bayes-plausible (with mean ); this is
because I';; Bayes-plausible, any learning the receiver does about b; must follow Bayes
rule on path, and the distribution of b; has mean 7. Let A_; denote the interim belief
induced by viewing realizations of all {A; };+;; note this experiment also pools {1,2};

this is also a finite signal Bayes-plausible experiment.

We will now find a profitable deviation for sender j. This deviation will take the form
of an experiment p}, which we will construct, that generates strictly positive expected

utility no matter what j’s type is.

We can rewrite 3, for [ € Q (from equation 15) conditional on this deviation pj as:

A*j:l&l ( J?p]a )/ﬂ'l
ZkN:1 A—j,kak(rmpja )/,

ﬁl(A*jvaj(F]Vp;‘?/Lj)) = (19>

It is also useful to write down the probability distribution of A_; conditional on

aj(rjap;'7 :uj):

J
l j)p]a y

N
. (0
PT(A—]' = y|aj( ]7p]7 Z (20)

=1

Let Y = {y € supp[A_j] : y1,y2 > 0}; note this set is nonempty as A_; pools {1, 2}.
Let Yo = {y € supp[A_j] : y1,92 = 0}, Y1 = {y € supp[A_j] : y» > 0,y = 0}, and
Yo = {y € supp[A_;] : y1 = 0,y> > 0}. These sets partition the support of A_;.
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Consider j generating interim belief I'; = x € A({1,2}) \ {01,02}. As in Proposition
2’s proof, we will try and find such an = conditional on which j gets a strictly positive
expected payoff. We will then construct p;- which assigns positive probability to x. Note
that Pr(a/(Ty,p),p7) € A({l,k}) \ {01,0:}[T; = x) = 1. This can be seen from the
definition of o’ (equation 14) and is a consequence of every private belief b € suppl[b;]
having b, > 0 for all n € Q which implies 77 (17, p;) > 0 for all [ € Q. This implies that
Pr(A_; e YoII'; =2z € A({1,2}) \ {d1,02}) = 0 (equation 20). Also note that conditional
onT'; =z e A({1,2}) \ {61,02}, B =91 when A_; € Y] and = J, when A_; € Y5 (see
equation 19); these posteriors both yield utility 0.

Finally, note that conditional I'; = =z € A({1,2}) \ {61, 02}, we have Pr(A_; €
Y) > 0 (by equation 20 and o/ € A({l,k}) \ {61,02}). Note that for each y € YV
and o/ (T, py, p?) € A({1,2})\ {01, 02}, Br(y, o (T, pj, 7)) is continuous in o (T, pfj, p?),
By, o (T, 05, 17)) — Las o/ (T, ply, /) — 1, and Bi(y, o (T, p, 7)) — 0 as o/ (T, ply, 1) —
0. As Y is finite, the function minyey B (y, o (I';, pj, /) is also continuous in its second
argument for o/ (T';, pf;, /) € A({1,2})\ {61, 92} and goes to 0 or 1 as o (I';, p};, it/ ) goes to
0 or 1 respectively. By the intermediate value theorem, there exists a a,. € (0, 1) such that
mingey Bi(y, ) =r. When 1 > ozj(Fj,p;-,M) > «,, we have /Bk(y,aj(Fj,p;»,uj)) € (r,1)
forally e Y.

) (1 p) w2 /T2

71 (W py)a1 /w147y (1 )z /mo

Note that for I'; = x € A({1,2})\{01, 92}, we have aé(x,p;,uj) =

PN
T% (HJ J)j)

- I2/7T2
. . i . 4 (I p) . .
We can rewrite this as: o (z, p’., /) = S . Note that as private beliefs have
2 7pJ7 /’L J( j /) p
5 (w5
I1/7T1+T{-(Mj7p;>z2/7f2

finite support and cannot rule out any state, for all beliefs the receiver may hold about j’s
type, i € A(supp[b;]), the corresponding belief 7 this induces on Q (7 = 3¢ . 011[0])
must have 2 > d > 0 for some d € (0,1). Hence:

(W
3o, ) = — ke (21)
\T, Pj, W) = (W ") - ;1;1/71'1 —l—dxg/?Tz
x1/m + =7 pf_)fm/m
]

aé(m,p},;ﬂ) is continuous in x on A({1,2})\ {01, 02} and will also fall in A({1,2})\
{61,02}. By equation 21, as zo — 1, aé(x,p},,uj) — 1 regardless of what beliefs the
receiver holds. Hence there exist z* € A({1,2})\{d1, d2} such that 1 > aé(m*,p}, W) > a.
Hence we have Si(y, o (z*,p}, 7)) € (r,1) for all y € Y. Conditional on z*, j gets
expected utility:
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> ui(61) Pr(A_y = ylod (2%, 0}, 1) + Y w;(62) Pr(A_; = ylo? (", pj, 1))

y€Y1 -0 yGYQ =0
+ DBy, o (2", 0, 1)) Pr(Ay = ylo? (", 4 1)) > 0
yey ;6 ;6

The proof of Lemma 1 demonstrates how any type of sender j can construct a stratgy
p;; which assigns positive probability only to z* and {61,...,0n}. p; yields j strictly positive
expected utility conditional on x* being realized and 0 utility otherwise. Hence Lemma

B.4.1 is violated. Contradiction. Hence no equilibrium can pool {1, 2}.

]

Lemma B.4.3 implies that Condition B.1 being satisfied by some u; on each edge of
the simplex is sufficient for full revelation in all equilibria. It is worth noting again that

is sufficient condition is satisfied for all but a knife-edge case of sender preferences.

Proposition 6. Suppose Assumption 1 holds. The state is fully revealed in every
equilibrium if for all pairs of states | and k, there is some u; that satisfies Condition B.1
on A({l,k}).

Proof. Argument is identical to Proposition 5’s proof. m

B.5 Sequential Moving Senders

Consider a sequential version of our baseline model. Senders 1,..., M move in order,
observing all previous experiment choices (but not realizations); we are interested in pure
strategy subgame perfect Nash Equilibria (henceworth just SPNE) of this game. Note
that for a simultaneous game, there are multiple corresponding sequential games, one for

each ordering of senders.

A few facts easily carry over from the simultaneous case. First, all senders must get
utility 0 in equilibrium (as the game is zero-sum and anyone can fully reveal the state).
Second, full revelation can be supported as an SPNE outcome in a game with senders
moving in any order. We can construct such an equilibrium with all senders playing '/’

on path and playing any sequentially rational strategies off path. No sender after the first
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has an incentive to deviate if those upstream from them have not (as the receiver will
the learn the state from upstream senders). The first sender cannot strictly gain from
deviating, as a strict gain would imply a strict loss for a downstream sender; sequential
rationality rules this out as the downstream sender can fully reveal the state to avoid a
loss. As for the simultaneous game, the interesting question is when all equilibria (here
SPNE) are fully revealing. The following results and discussion clarify the relationship

between the our simultaneous model and a sequential version.

Proposition 7. If for uy, ..., up there is full revelation in every SPNE of the sequen-
tial game with the senders moving in some order, then there is full revelation in every

equilibrium of the simultaneous game.

Proof. We prove the following statement, from which the result follows: if there exists a
non-fully revealing equilibrium in the simultaneous game, then, for any order of senders,

there exists a non-fully revealing SPNE in the sequential game.

Choose any ordering of senders 1, ..., M. Consider any non-fully revealing equilibrium
of the simultaneous game, (I'j,...,I"y/) and let I' be the experiment induced by observing
the realizations of I'1,...,I'y;. In the sequential game, consider the following strategy
profile: (1) sender 1 plays I'. (2) each sender i = 2, ..., M plays I'V if all previous senders
haven’t deviated and play some seqgentially rational strategies otherwise. We will show
this is an SPNE. By Lemma 1 all senders get utility 0 from following perscribed play as I"
is the information revealed in an equilibrium of the simultaneous game and no additional
information is revealed. First note sender 1 has no strict incentive to deviate as any
profitable deviation would give some downstream sender strictly negative utility. This is
not possible along any path of play in an SPNE as this downstream sender can always

fully reveal the state.

If sender 1 plays I', senders 2, ..., M have no incentive to deviate for the following
reason. Consider any deviation I'; # I'Y for sender j, 2 < j < M. This deviation leads to a
path of play producing information from I' as well as additional conditionally independent
experiments. Suppose, for contradiction, this deviation yields j strictly positive expected
utility. But then j has a profitable deviation from the simulatenous game equilibrium
(T'1, ..., T'pr); if j unilaterally plays these additional conditionally independent experiments

in addition to I';, she gets strictly positive utility. O

Proposition 7 implies that the set of (zero-sum) utility functions under which there

is full revelation in all equilibria in the simultaneous game contains the set under which
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for some order of senders there is full revelation in all SPNE of the sequential game. The
converse is not true. It is possible for there to be full revelation in every equilibrium of the
simultaneous game but, for every order of senders, non-fully revealing SPNE in sequential

game. The following example demonstrates this.

Example 4. There are two senders 1,2 and three possible states 1,2,3. Assume that
m < me < w3 (this is not necessary, but eases exposition; the assumption rules out
any two states having equal prior probabilities but is otherwise without loss). Suppose
u1((1/2,1/2,0)) = u1((1/2,0,1/2)) = 1 and u2((1/2,1/2,0)) = ua((1/2,0,1/2)) = —1.
Also, u2((0,1/2,1/2)) = 1 and u;((0,1/2,1/2)) = —1. At all other v € A(Q), uy(y) =
us(y) = 0. Sender 1 has an advantage at single points along edges A({1,2}) and A({1, 3})
and sender 2 has a single advantage on edge A({2,3}); on the rest of the simplex, neither
sender has an advantage. Figure B.8 summarizes this. By Theorem 1, the state is fully
revealed in all equilibria of the simultaneous game. However we will show that regardless

of the order senders move in, there is always a non-fully revealing SPNE.

uy=0 U,=0

Figure B.8

First suppose sender 1 plays first, then sender 2. Consider the sender 1 playing '
s.t. Pr(I'y = 63) = w3 and Pr(I'y = (=%, ="2—-,0)) = 1 — 73 (this distribution satisfies

m1+mwe ! mi+me?

Bayes-plausibility). Suppose sender 2 plays I'y = 'V whenever sender 1 plays this and
following a deviation plays any sequentially rational I'y. Note the posterior when following

perscribed play will either be d5 or (= T2 (). The latter is not equal to (1/2,1/2,0)

m4me ) 4T’

by our assumption on the prior, and hence both senders get utility 0 at all posteriors.
Sender 1 hence has no incentive to deviate as no experiment can yield strictly positive
utility (sender 2 can always fully reveal the state and is playing sequentially rationally).
Sender 2 has no incentive to deviate as conditional on w = 3 the receiver learns the state
and conditional on w € {1,2} the posterior will lie on A({1,2}), on which sender 2 has

no points of advantage, w.p. 1 (by Claim 2). This is a non-fully revealing equilibrium.

If sender 2 plays first, we can construct an analogous non-fully revealing equilibrium
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with 'y s.t. Pr(I'y = 01) = m and Pr(I'y = (0, ="2—, —"2-)) = 1 — m;. Sender 1 plays

? mo+m3 ) mo+ms

I'; = I'Y on path and any sequentially rational I'; otherwise.

In the simultaneous version of Example 4, the state is fully revealed in every equilib-
rium for the following reasons. States 2 and 3 must not be pooled in equilibrium because
if not sender 2, who has an advantage along A({2, 3}), could find an experiment yielding a
strictly positive payoff (violating Lemma 1). More precisely, I'; cannot pool states {2, 3},
because if not sender 2 can gain a strictly positive payoff. Similarly, Iy cannot pool {1,2}
or {1,3} or sender 1 take advantage. Each sender is ‘responsible’ for not pooling some

states in equilibrium because their opponent has an advantage.

More generally, when the state must be fully revealed in every equilibrium of a
simultaneous game, for every subset of states €)' there is some sender j who could take
advantage of I'_; pooling €Y. This is shown by Claim 7 (in the proof of Prosition 2);
sender j must have an advantage somewhere on A(2). When sender j moves last in the
sequential game, then by the same argument, all upstream senders must (collectively)
not pool €' in any SPNE. For example, when sender 2 moved second in the example,
sender 1 did not pool {2,3}. However, as the last moving sender may only be able to take
advantage of some subsets of states being pooled, we need not get full revelation. If there
is a sender j who can take advantage of €’ being pooled for any ' € 2% s.t. || > 1,
then when this sender moves last, every SPNE fully reveals the state. As in Example 4,
it is when there is no such sender exists that there are non-fully revealing equilibria for

all orders of senders.

This logic implies the following result: if any set of states is not pooled in every
equilibrium of the simultaneous game, there is an ordering of senders such that those

states are not pooled in every SPNE of the sequential game.

Proposition B.5.1. If for utility functions uy, ..., up a set of states Q' C Q is not pooled
in every equilibrium of the simultaneous game, then, for some ordering of senders, ' is

not pooled in every SPNE of the sequential game.

Proof. Suppose ' C € is not pooled in every equilibrium of the simultaneous game.
Then by Proposition 2, u;(y) > 0 for some sender ¢ and some v € A()'). By Claim 7,
there exists a sender j such that for every I'_; that pools €, there exists a I'; such that
U;(T';,I'_;) > 0. Consider any ordering of senders with j moving last. Then as all senders
must get utility 0, in any SPNE senders upstream from j (collectively) do not pool €' (or
else j’s best response yields strictly positive utility). Hence, by Lemma 3, all SPNE do
not pool €. H
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